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IMosicuuTeIBLHAS 3aNIMCKA

[IpakTHyeckue 3aHATUS CIIY>KaT CBA3YIOIIMM 3BEHOM MEXy Teopueil 1 npakTukoi. OHu
HEOOXOAUMBI Ul  3aKpEeIUIEHUS] TEOPEeTHMUECKUX 3HAHUM, TMOJIyYEHHBIX Ha  YypOKax
TEOPETUYECKOTO OOYUYeHHsI, a TaK e JUIsl MOJIy4eHHUs MpaKTHYecKux 3HaHui. [IpakTmueckue
3a/laHusl BBINOJIHAIOTCS CTYIAEHTOM CaMOCTOATEIbHO, C IPUMEHEHUWEM 3HAaHUW M YMEHHUH,
IOJyYEHHBIX Ha ypOKax, a TaK K€ C UCIOJIb30BaHUEM HEOOXOIUMBIX MOSICHEHHUH, NOIy4EeHHBIX
OT NpenojaBareis NPy BHIIOJIHEHUN MPAKTUYECKOro 3ajgaHus. K mpakTnueckoMy 3aHATHIO OT
CTyleHTa TpeOyeTcs NpeaBapUTelIbHAas IOATNOTOBKA, KOTOPYIO OH JOJDKEH IPOBECTH IEPEN]
3aHsTHeM. CIUCOK JUTEpaTypbl U BOIPOCHI, HEOOXOAUMBIE IIPU MOATOTOBKE, CTYIEHT M10JIy4aeT

nepea 3aHATUCM U3 MCTOAUYCCKUX pCKOMCHI[aLII/Iﬁ K IPAKTUICCKOMY 3aHATHUIO.

[IpakTuueckue 3amaHusi pa3paboTaHbl B COOTBETCTBUM C Yy4yeOHOH mporpamMmoil. B
3aBUCUMOCTH OT COJEP)KaHHsS OHU MOTYT BBIIOJHATHCA CTYJCHTAMM WHIMBUIYalbHO HWIIU

(GpOHTAJIILHO.

3ader 1o Ka)KHOﬁ HpaKTI/I‘leCKOﬁ pa60Te CTYACHT IIOJIY4aCT IIOCJIC e€ BBINOJHEHUS U
npeaoCTaBJICHUA B IICYATHOM WM 3JICKTPOHHOM BHIC, O(i)OpMJIeHI/Iﬂ 0OT4€Ta B KOTOpOM
YKa3bIBACT IMMOJTYYCHHBIC 3HAHHUA U YMCHUA B XOAC BBIITOJIHCHUA HpaKTquCKOﬁ pa6OTI)I, a TaKXKeC
OTBCTOB Ha BOIIPOCHI MPEIoaaBarTeiisd, €CJIM TAKOBBIC BO3HUKHYT IPHU IMMPOBEPKE BBIIIOJIHECHHOTO

3aJaHusd.
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Tema:

Mean:

[TpakTrueckas padora Nel

@OYyHKUUM OJHOM MepeMeHHO#i U UX CBOMCTBA.

chOpMHUPOBATh YMEHHE HCIIOJIb30BAaTh CBOMCTBA (PYHKIIMH IS €€ UCCIICIOBAHHUS, PEIIATh

3a7]a4M U YIPAXKHEHUS 110 JaHHOW TEME.

TeopeTnueckue cBeleHHsI K MPAKTHYECKON padoTe

Ecnu xkaxjoMy 3JIeMEHTY X U3 MHOKeCTBa X [0 HEKOTOpOoMY TpaBuity f mocrasieH B
COOTBETCTBHUE JIEMEHT Y MHOXKECTBaY , TO TOBOPSAT, YTO HA MHOXkKeCTBe X onpezieneHa (QyHKIHs

CO 3HAYCHHUSIMH B MHOXKECTBE Y,

MuoxkecTBo X HazbIBaeTcs o0nacteio onpenenenus Gpynkuuu D(f), a MHOkecTBO Y — 001aCThIO

3HayeHnid pynkuuu E(f).

1 3amuchiBarOT y=f(X).

[Tpumep 1. Haiitu o6nacth onpeneneHus: GyHKIMU

15
Ny=——
)y x+6
x+6=20
xz-6
D(y) =(—o0;=6) U(~6;0)
x+13
Dy=——-—
)y X —7x+12
x+13 x+13

'y:x2—7x+12:(x—3ﬂx—4)
x—3#0 x—-4%#0

X#3 x#4

D(y) = (—e0;3) L(3;4) L(4;0)
3)y=+/x"—81

x*—8120

(x—9)(x+9) 20

D(y) = —o0;~9] L[ %00}

1. YeTHOCTH U HEYETHOCTD.

Ilpumep 2. Y CTAaHOBUTb YETHOCTb WJIK HEYETHOCTh (DYHKIIMH.

OcHoBHbIE CBOMCTBA (DYHKIINU:

Oyukuus y=f(x) Ha3pIBa€TCSI YETHOM, €CIU JJIs1 JTFOOBIX
3HaueHu# X u3 obnactu onpenenenus f(-x)=f(x), u Ha3pIBaeTcsa HEYETHOH, ecnu f(-X)=-
f(x). B mpotuBHOM ciydae ¢pynkuus y=f(x) Ha3zpiBaeTcs pyHkuuen oOuiero Buaa.



)y=x"+6

y(x)=(-x)’ +6=x*+6=y(x)

= (yHKyus uemuas

2)y =sinx+2x

y(—x) =sin(—x) +2(—x) =—sinx—2x =—(sin x+ 2x) =—y(x)

= (yHKyus HeuemHas

x+2
vy =
)y x*—16
(—x) +2 X2
(_X)2_16 x*—16

= (yHKkyusa obwe2o suda

y(-x) =

2. MonotonHocTh. @yHk1Ms y=f(X) Ha3pIBaeTCs Bo3pacraroieil (yobiBaroIeii) Ha
HEKOTOPOM MPOMEXYTKe X U3 00JIACTH ONPEACIICHHUS, €CTIH OOJIbIIEMY 3HAYCHHUIO
apryMeHTa U3 3TOT0 MPOMEXKYTKA COOTBETCTBYET OoJibliiee (MEHbIIIEE) 3HAUYCHHE

(GyHKLIUU.
3. OrpanuueHHocTs. OyHKIMA y=f(X) Ha3bIBAETCS OTPAHUUYEHHON HA HEKOTOPOM

IpoMeKyTke X U3 00J1aCTH ONPENENeHus, €CIM CyllecTByeT yuciao M>0, rakoe, 4To

<
lf(x)|_M;[Jm moboro X€ X |

4. Ilepuoanunocts. @yHkuus y=f(Xx) Ha3pIBaeTCsa nepuoarueckoi ¢ nepuojgom 1>0, ecau
JUTS JTFOOBIX 3HaueHuH X u3 obiactu onpeaenenus f(x+7T)=f(x-T)=f(x).

Ecin kakaoMy 3Ha4€HHUIO LIEHBI P 33 €AMHULLY TOBapa MOCTABIEHO B COOTBETCTBUE YHUCIIO ( —
KOJIMYECTBO TOBapa, KOTOPOE MOTPEOUTENN TOTOBBI KYIIUTH IO JAHHOM LIEHE 3a OINpeAeIeHHBIN
IPOMEXKYTOK BPEMEHH, TO TOBOPSAT, YTO 33/aHa GyHKIUs crpoca, ¥ nuimyt q=f(p).

f(p)20

o >
OTta (1)YHKIII/I$[ OorpeacicHa i T€X 3SHaAYCHU U p= 0 , AJIA KOTOPBIX N MHOXECTBO €€

o >
3HAYCHUU q= 0 .

I'padux GpyHKIIMYM cripoca Ha3bIBAIOT KPUBOM cripoca.

Ilpumep 3. @yHKIUSA CIpOCAa HA HEKOTOPBIN TOBAp UMEET BUJL f=B0—00-+p , e q—
KOJINYECTBO TOBapa (ThIC. IIT.); p — LleHa eJUHULBI ToBapa (pyo.). Tpebyercs HallTH:
e OO0nacTb onpeneneHuss 1 MHOKECTBO 3HAUE€HUH 3TON (PyHKIUU
R e |
e  DyYHKIUIO IIEHBI B BUJIE p=f"()
e OO®beM cripoca MpH 1IeHaX Ha TOBap: B =300: p, =P00

o lleny 3a equHuIly TOBapa, eciu g,=10;9, =15 ,

. BBIpyqu MpoaaBIOB B KAXKAOM U3 3THUX CIIYYACB.

Pewenue: 1) Ilomyunm cuctemy HepaBEHCTB:



p=0 p=0 p=0 p=0
100+p=20 = p=-100 = p=2-100 = {p=2-100= 0< p<3500
60—+/100+ p >0 \/1007+pS60 100+ p <3600 p <3500
D( f) =[0;3500]

Brlpa3zuMm 3HaueHue p uepes q:

4100+ p =60—q

100+ p=(60—gq)’

100+ p =3600—120q + g°
p=q° —120q+3500

p>0, gq*—120g+350020
q € (—oo;50] U[70;00)

q20, gqe[0;50]U[70;0)

U3 3akoHa cripoca ClielyeT, UTo ¢ yBEJIMYEHHEM LIeHbI p oT HyJs 10 3500 py6. cpoc pomkeH

qe[0;50]
nanate. B HaweM ciyyae pyHKIHS q YOBIBAET B IPOMEIKYTKE , CIIElOBaTEINBHO,

MHOKECTBO 3HAUYCHHI (I)YHKI_[I/II/I E{ f) < [0, 50] .

2
1. ®ynxuus neHsl umeet sug P =49 —120q +3500
p,=300= gqp=» 100+ 300 =60-20=40 ( . .);
,  P,=B00= que60#m/100+800 =60-30=30 . );
g, =10= ppyA00-120-10+3500=2400 ( .);
5 @ =15=> ppy6225-12015+3500=1925 ( ).
4. BeIpyuka ot npogaxu cocrasisier Y= P4 cienosarensHo,

U, = p, - q, = 2400-10 = 24000(py6.)
u, = p,-q, =1925.15 = 28875(py6.)

Ecmu KaXXKIO0MY 3HAYCHHUIO [ICHBI P 3a CAMHUIY TOBAapa MOCTABJICHO B COOTBCTCTBHUEC YUCIIO ( —
KOJIMYCCTBO TOBapa, KOTOPOC MPOU3BOJAUTCIIN IT'OTOBLI IPOJAATH 110 HaHHOﬁ OCHEC 3a
OHpelleHeHHBIfI IMPOMEKYTOK BPEMEHHU, TO TOBOPAT, UTO 3aJjaHA q)YHKIII/ISI OpCaAIOXKCHUSA, U

Uyt g=@(p).

@(p)=0

. >
OTta (1)}’HKI_[I/I$I OIpeaciiCHa U1 TCX 3HAUCHUUN p= 0 , AJI1 KOTOPBIX 1 MHOXKECTBO €€

o >
3HA4YCHHUU d= 0 .

1 2
=—(p=2)* -1
q 9(p )



Ilpumep 4. OyHKUIHS NPEUIOKEHU HEKOTOPOr'0 TOBApaA HA PBIHKE UMEET BUJ, TIE ( —
KOJIMYECTBO MpeJTaraeéMoro ToBapa (ThIC. IIIT.); P — IIeHa eUHUIEI ToBapa (pyo0.). Tpedyercs
HAUTH:

e OO0nacTpb onpeneneHnss 1 MHOKECTBO 3HAaUCHUH QPYHKIIUH

e OO0BeM npeIoKEHUS MPH IIeHaX 3a €AMHUIY TOBapa: p =1L p, =20

|
e 3aBHCHMOCTB LICHBI 33 CAMHHILY TOBapa oT 00beMa crpoca, T.e. pyrkuuo P =9 ()

Pemenue: 1) Haiinem obnacts onpeneneHus:

1 2
$(P-2)"-120
(p—2)°-9=0
(p—2-3)(p-2+3)20

(p-5)(p+1) 20
pe(—oo;—1] U[5;)
Tk.p20= pe|[5c

MHoecTBO 3HaueHui Gynxumn q npu P =2 6yger 1° [0; o) :

pmsiblquzé(llﬁ2)2~1=9~1=8( Co)

p;mat@ﬁ];lqg21(20k2)2~1:36~1:35( -
1. Tlpm 9 '
p=¢"'(q

2. Haiinem ¢ynxuuto

1
=—(p—-2)*-1
q 9@ )

1 2
“(p=2Y=qg+1
9@ ) =q

(p-2)" =9(q+1)
p—2=%/9(q+1)

p-2=13,(q+1)
p=2+3(q+1) p=2-3(q+1
Tx.p25 p=2+3(q+]

Conep:xanne npakTu4eckoi padoTbi:

3aganue 1. Haiitu o6nacTs onpenenenus GyHKIUU



32+ x

Dy=—————
Y = 4 (x+9]
29—x

2)y =—

)y x? +15x
4x

Yy=— X

)y x*—5x+6

4)y =+/x* —100
5)y =log,(x-3)

Vx+2

O = 3 (%)

3anaHne 2. YCTaHOBUTH YETHOCTD UJIM HEYECTHOCTD q)YHKI_II/II/I

Dy=x*-x*+3

x°+9
2)y =

X

3)y =-sin x—4x
4)y=e"+12

x*+
S)y= -COS X
)y x> -16
6)y=tgx—2x

3ananme 3. a) DyHKUMA cipoca Ha HEKOTOPHII TOBap UMEET BH]L G=30—4300+ p , e q—
KOJINYECTBO TOBapa (ThIC. IIT.); p — LleHa eMHULBI ToBapa (pyo.). Tpebyercs HallTH:
e OO6nacTb onpeneneHnss 1 MHOKECTBO 3HAUE€HUH 3TON pyHKIUU
!
e ®yHKuMIO NeHH B BUae P~ ()
e OO®beM cripoca MpH 1IEHaX Ha TOBap: By =1atkp, =650

o lleny 3a equHuIly TOBapa, eciiu q;=15,q, =20 ,
e BrIpyuky mpoaaBLOB B K&KJIOM U3 ITUX CIy4YaeB.

6) OyHKIKS CIIPOCa HA HEKOTOPBIH TOBap uMeeT Bux 1 Al p , TTIe q — KOJIMYECTBO
ToBapa (ThIC. IIT.); p — LIeHa eUHULBI ToBapa (py0.). TpebyeTcs HaliTH:
e OO0nacTb onpeneneHuss 1 MHOKECTBO 3HAUEHUH 3TON (PyHKIUU
=
e  DyYHKIUIO IIEHBI B BUJIE p=f"(a)
e OO®beM cripoca MpH 1IeHaX Ha TOBap: pi =L p, =320

o lleny 3a eguHuIly TOBapa, eciiu q;=10;q, =30 ,
e BrIpyuky npoaaBLOB B KaKJIOM U3 ITUX CIy4YaeB.



3aganue 4. a) OyHKUMSA IPEITIOKEHUS HEKOTOPOI'O TOBapa Ha PhIHKE UMEET BUJ

1 2
q=—(p-3) -1
4 , TJIE q — KOJIMYECTBO IMpeAjIaraeMoro Topapa (ThIC. IIT.); p — IIeHa

eauHUIbl ToBapa (pyo.). Tpebyercs HalTH:

e (OOnactb onpeaesneHrs U MHOXKECTBO 3HaUCHUN QyHKINH

e OO0beMm npeyIoKeHus MpH IIeHaX 3a €AUHUILY TOBapa: p=7p;=11

— gl
e 3aBHCHMOCTB LICHBI 3 CMHHLLY TOBapa 0T 00beMa crpoca, T.¢. pynkuuo P =P (@)

1 2
q=—(p-5) -1
0) @yHKIMS NPEJI0KEHNU HEKOTOPOro TOBAapa HAa PbIHKE UMEET BU/]L 16 ,rae q—

KOJIMYECTBO IMpeJIaraéMoro ToBapa (ThIC. IIIT.); p — IIleHa eUHUILI ToBapa (pyo0.). Tpedyercs
HaWUTH:

e (OOnacTb onpeaeseHns U MHOXKECTBO 3HaUCHUH QYHKINH
e OO0BEM NpeyIoKEeHUs PH 1IeHaX 3a eUHUILY TOBapa: p,=37,p, =53

L |
e 3aBUCHUMOCTD LIEHBI 32 €AUHUILY TOBapa oT o0beMa crpoca, T.e. QYHKIHIO p=¢ (@

[TpakTuyeckas padora No2
Tema: Ilpenesa mocae0BaTeJbLHOCTH M Npees PyHKINH. 3aMedaTeJIbHbIE Npe/iebl.

Heab: chopMupoBaTh YMEHHE HAXOIUTH MPECITBI TOCICI0BATEILHOCTEH U TIPSl (PYHKITHA,

HCIIOJIB30BAaTh 3aMEYATCIIBHBIC ITPEACIIbI JUIA HAXOXKIACHUA ITPEACITIOB.

Teoperuueckne cBeieHUs K MPAKTUYECKO# padoTe

y {a,e R:n21}
ITycTh CyLIECTBYET MOCIEAOBATEIBHOCTD ACHCTBUTENBHBIX YHCE .

Yuciao a Ha3kIBaCTCS mpeaciioM MmocCJICA0BaATCIbHOCTHU

lima,=ae R Ve>0 dne N

n—yoca

Vn>n, |a,—al<e

n’+6n-5

M s o2 o
Ilpumep 1. BeraucnuThb npenen n=10n" —8n" +2

n’+6n-5 z

6 5
of1v85
n
e 10R B4 2 i 8 2) 10
Toen 3[10—+1J
n n

n
Pewenue



fi° —2H43

m_—————
Ipumep 2. BeraucnuTh npeaen =127 +4n" —1

1 2 3
2 L ST
n-—2n+3 . n n 0
=lim =

lim——— = ; ’;l' =—=0
12n’ +4n° -1 n3(12+_3] 12
n n
Pewenue
n’+6
lim
Ilpumep 3. Beruucnuts npenen r=7n—8
6
e MO
lllTl7 8=lil’1’l'7—nB='(-)‘=°°
n—eo '/ — n—yoo
A (———)
Pewenue non
lim(+/2n+8 —/n—1]
Ipumep 4. Beruucnuts npeaen e
Pewenue
2 2
V2n+8-n-1)(V2n+8+n-1] ((\/2n+8) ~(v/n-1] )
lim{+v2n+8—-+/n—-1 :hm( =lim =
i |~k [Jan+8+n-1] o [2nr8 ]
n[1+9]
2n+8|—-(n-1 —
:lim( n+) (n ) —lim 2n+8—n+1 — lim n+9 — lim n

n n

] e e LR L

1_
o 1 el 28 11 0
nl |l =+— |+.J| ——— —+— ——=
n n n n n n n

o lim f(x)=A
Yucno A Ha3bIBaIOT npedenom gyukyuu f(x) mpu 0 (1 munyt 7% ), eciu JIst
mo6oro € > 0 naiineres uncno 6>0, 3aBHCALLIEE OT , TAKOE, UTO IS BCeX X =X ,

Ix—x0|<8 |f(x)—Al<8.

YJIOBJICTBOPSIOIINX YCIOBHIO

, BBITIOJIHACTCA HCPABCHCTBO

Teopemsl 0 npeenax:



limc=c
1. x>% (c=const).

lim f(x)=A, lim@(x)=B,

2. Ecou % TO:

Iim(f(x)£e@(x))=1lim f(x)£limo(x)= At B;
lim( f (x)9(x)) = lim £ (x)lim ¢(x) = AB;

.
im [0 2R 10 _a o
X=X (p(x) ILIEIO (P(X) B

. sinx
lim =1,
x—0 X

Ilepeuviii 3ameuamenvhblii npeoen:

Bmopoii 3ameuamenvuoiii npeden (aucno e =2,718...):

1

lim(1+1/x)" =e lim(1+ x)* =e.
X—3yo0 WU x—0

3ameuamenvhoble I’lpe()ejlbl.'

lim T =2 g TimE =1
x—0 X x—=0 X
In(1+x
lim M) 08,1+ X) _19g ¢
x—0 X x—0 X
1+x) -1
lirn( X) =0l
x—0 X
. 5sin8x
li
x—0 6X

IIpumep 5. BeruucnuTs npeaen



0
) 55in8x[°}. 5sin8x-8 5-8 40 20
lim———— =1lim = e O s

x—0 6x x—0 6-8x 6 6 3

Pewenue

oo In(1+5x]

x=0 X
Ipumep 6. Beraucnuts npenen

In(1+5x) [g] . 5In(1+5x]

llITl —_—— = lll'l'l —_— = 5
x—0 X x—0 5x
Pewenue
A
lim(1+5x)*
x—0

Ipumep 7. Beruucnuts npeaen

. . [1m] L 11111[5X.i] 5
lim(1+59% = lim(1-+ 507 =™ %) 2l

x—0 X
Pewenue

(x*+4
lim

ol x4
Ilpumep 8. Berauciaute npenen

Pewenue

X [ 1% X
(a3 3 Y
lim| — = lim| —— | =lim| 1+ — =
x| x° 41 x| X" +1 X0 X" +1
. X+ 3 N
3 x4
3 3x
. 1 . 1 lim ——x lim —
=lim| 1+— =lim| 1+— =7t =gl =00 =1
X0 X" +1 X500 X" +1
3 3

lim £ (x),

YT0o0bI HAUTH TIpeIeT dIIeMeHTapHO# QyHKImK *%0

HYXXHO IMPEACIILHOC 3HAYCHUC
ApryMCHTA NOJACTAaBUTL B (bYHKL[I/IIO " IOCYHUTAaTh. HpI/I 9TOM, €CJIN X=Xo IPUHAJICIKUT o0actu

ONpCACIICHUA (I)YHKI_II/II/I, TO 3HAYCHHUEC MIpCICiia 6y,[[eT HaﬁﬂeHO, OHO PAaBHO 3HAYCHUIO (I)YHKI_II/II/I B



TOYKE X=Xy. HpI/I BBIYUCIICHUHU NIPEACTIOB IMOJIE3HO UCITIOJIB30BATh CICAYIOIMIUE COOTHOICHM.

c=const, ¢#0, €#oo

Ecmm ’ TO, YIUTHIBast CBOMCTBA 0.0. 11 0.M. QyHKIIHIA, TOTyIUM:
0 c 00 -

——=0; =00, — 00, o0 00;¢:0—>0; a” =0, "

c 0 c ecn0<a<La” = 00y ast,

CJIY‘-IaI/I, B KOTOPBIX NOACTAHOBKA MPECACIBbHOIO 3HAYCHHA apryMCHTA
B (I)YHKI_II/IIO HC JacT 3HAUYCHU ITPEACIIa, Ha3bIBaOT HCOIIPEACICHHOCTAMMU

K HUM OTHOCATCA HECOIIPCACIICHHOCTHU BUIOB:

=\ % - (0o0); (00— o0); (1°); ("); (0°).

©o

- 2x> +15
z 2
HPWWQP 9 + Bpiuucnuts npenen =10 —4

2x*+15 .. 2-1*+15 2415 17
1m 5 th > = =
Pewenue *110x*—4 110.1°-4 10-4 6

lim X' 16
] 0 x—4 X2 —5x+4
1 lpumep + Beruucnuts npenen

Pewenue

L e e,
lim

x5 x—5

Ipumep 11. Beraucnuts mpenesn



Pewenue
\/2x+8—\/23—x[§} ‘ (\/2x+8—\/23—x)(\/2x+8+\/23—x) _
i - XI_IE (X—S)(\/2X+8+\/23—X) -

s
_hm((*’2x+8)2‘("23‘>‘)2 o ((2x+8)~(23-x])
B X_>5(x—5)(\/2x+8 +\/23—x) - X_>5()(—5)(\/2x+8+\/23—x) B X_>5(x—5)(\/2x+8+\/23—x)
3 =

(2x+8—-23+x)

=lim (3x-15) =lim 3(x-5) =lim
x5 (x—5) (\/2x+8 +\/23—x) x5 (x—5)(\/2x+8+\/23—x) x5 (\/2x+8+\/23—x)

3 3 3 3 1 122 22 2

[V25+8+v235) [ViB+viB] 218 232 202 2222 42 4

Conep:kaHue MpaKTHYECKOI padoThI

3ananue 1. Beraucnute npenensl mociaeaoBaTeIbHOCTEH:

1)lim 21+1 5Tim S — 2" il
noe 3MN+5 nse N+6 noe  14+2nN
(n+1) *+(n-1)°

(3=n) *+(3+n)* .
(3-n)=(3+n)7 A

4n+16 =5l

n—co

(n-1) *~(n+1)*

4)lim

n—oo

3] .3 3 2
yn +2n-1 g)hmw 9)lim(\/4n—7—\/n+2)

100n* +16n i

7)lim

n—eo n+2 n—eo

3aganue 2. Beraucnute npenensl QyHKINI:

Vi

4 2 3
Dlim X T2 Xy X T2 gy
x>0 X —3x"+x x>l X +X x50 X
(V-3 eoaken (x4 (x-1)
4Hlim——m——— 5H)lim—————  6)lim > >
x—4 \/;—2 x—1 x =1 x—1 (X—]_] —(X+1)
3f 3 - 3_q2,2 Jax—7 -Jx+2
Plim X F2XTL gy X TIOX X 9)lim( |
x——2 x+2 x—0 18x~ +15x x—2 x=2

3ananue 3. Berauciuts npegens! GyHKIUH, HCIIONB3Ys 3aMedaTeIbHbIC ITPEIeIbI:



X—300 X—3o0 x—1 X—yea 2x+1

2 X"+ X x+1
l)lim(x j?’] 2)11m[x+1J 3)lim[2x+3J
X

2L In(1+sinx T_
4)lim(1+10x*)" * 5)]im¥ 6)lim X —>%
x—0 x=0 sin 4x x-0  Sindx
7)lim tg3x 8)lim 9In(1-2x) 9)lim alfcsm 72x
x—0  LgX x>0 4darctg3x x>0 SInXx-X

[TpakTuueckas pabora Ne3

Tema: HenpepbIBHOCTh (PYHKIUM, TOYKHU pa3pbIBa.

I_[e.m,: C(l)OpMI/IpOBaTB YMCHHEC UCCIICA0BATDH (I)YHKI_[I/II-O Ha HCIIPCPBIBHOCTb M HAJITUYUC TOUCK

pa3pbiBa, ONPEAETATH PO TOUEK pa3phiBa.

Teoperuueckne cBeieHUs K MPAKTUYeCKO# padoTe

Oynkmmsa Y f (%) yaspimaeres HenpepwleHol
8 mouKe Xy, €CII OHa: 1) olpezesieHa B TOUKE Xo; 2) UIMEET KOHEUHBIN Mpees npu

X=X . lim f(x)= f(x,).
0; 3) 9TOT MpeJeN paBeH 3HauYeHUI0 (PYHKIIMH B 3TOM TOUKe * %

DyHKIIMA HA3bIBAETCSl HETIPEPHIBHOU, €CITH:

limpf=0 of = f(x,+exX)— f(X,)

1. px—0

, Ve>0 A6>0 |x—x|<d = [f()-f(x)|<e
lim f(x) = f(x,)

3 X—>Xp

DyHKIMS HA3bIBAECTCS HENPEPBIBHOM HA HEKOTOPOM MPOMEXKYTKE X, €CIIM OHA HENPEpPhIBHA B
Ka)XJI0M TOYKE 3TOT0 MPOMEXKYTKA.

f(x)=3x"-2x+1

Ilpumep 1: JlokazaTp, 4TO PyHKIUS HeTpepbIBHA Ha (-00;+00)

Pewenue:
of =(3(x,+ox)’ —2(x,+ox) +1 (3,7~ 2x,+1) =3x *+6x,0x +3px* ~ 2%, ~ 20X +1-3%,"+2x,~ 1=
=6xogx+39x2 —20x
limo f = lim ( 6x,0x + 30X’ —ZQX) =0
0x—0

0x—0



Touka x( Ha3bIBaETCSI TOUKOM pa3pbiBa (PYHKIMH, €CITU B 3TOW TOYKE HE BHIIOIHEHO XOTS OBl
OJIHO U3 ycnoBuii 1—3 HenpepsiBHOCTH (pyHKINH. Bee anmemMenTapHbie G yHKIIMH HETPEPHIBHBI
BO BCEX TOUYKAX, i€ OHU OIIPE/IEIICHBI.

Knaccudukanus Touek pa3pbiBa:

lim f(x)= lim f(x)# f(x,)
1. Xo— TOYKa YCTPAHUMOT'O Pa3phiBa, €CIU a) *~*~0 *apel

0) B TOUKe X( (DYHKITUS HE OIpeeieHa

lim f(x)# lim f(x)
2. Xo— Touka pa3psiBa [ pona, ecnm *>*=0 Bl

h= f(x,+0)— f(x,—0) _ CKaA4YOK q)yHKHHH

3. Xxo— Touka pa3pbiBa Il poga, ecinu x0T ObI OIMH U3 OJHOCTOPOHHUX MPEAETIOB paBEH
0ECKOHEYHOCTHU WJIM HE CYLIECTBYET

Ipumep 2:
Haiitu TOUYKM pa3pbiBa QYHKIIUN U YCTAHOBUTH MX THII

X +1Lx<1
a)y = f(x)=4 0,x=1

x+Lx>1
lim (x* +1) =2

x—=1-0

lim (x+1) =2

x—1+0

f=0

= xpeldka ycmpaHumozo  paspbiea

x,x<1
0)y=1) {x—2,x>1
lim x* =1# lim (x-2)=-1
X—1-0 X—1+0
= xpeldka paspbiea I poda
h=-1-1=-2
0

8)y=2"

L, b 1
lim 2*! = lim 271 =27 =—=0
x—1-0 x—=1-0 2%

1

lim 21 =2" =0

X—=1+0

= xpeldka paspbiea II  poda



ConepkaHue NpaKTHYECKON padoThI

3aganue 1. Jlokazatb, 4To QYHKIMS SIBISETCS HENPEPHIBHOM

a)f(x)=x+9
6)f(x)=x"+8
8)f(x)=2x"+6x-5
2)f(x)=10x"-12x

3apanme 2. HaliTu TOUkH pa3ppiBa U YCTAHOBUTH UX THUII

- ", x<0
a)y=fx)=4 0,x=0
e, x>0
sin x
6)y=[f(x)= "

1

g)y= f(x)=e*

)y=f(x)="2X

X

[IpakTuueckas pabora Ned

Tema: IIpousBoanas u ee reomerpuyeckuii cmoicia. Ipasuiio Jlonurass.

Hean: chopmupoBaTh yMEHHE HaXOAUTh MPOU3BOIHBIE (PYHKIIMMN, 3aTaHHBIX B SIBHOM,
norapu(MUUECKOM U IMapaMeTPUIECKOM BUJE, HAXOIUThH TPOU3BOIHBIC CIIOKHBIX (PYHKITUH,
3HaTh F€OMETPUUYECKUN CMBICIT IIPOU3BOAHOM, IPUMEHITH ITPAaBWIIO JlonmuTans 11 Hax0XKIACHUS

MpPEIEIIOB.
Teopernyeckue cBeleHHsI K NPAKTHYECKON padoTe

. = X .
Hpous'eoc)Hou qbyHKuuu ‘y f( )Ha3LIBaeTCH KOHCYHBIU ITPEACIT OTHOMICHUS NPHUPAILICHUA

byHKIIIN Af - f (x+Ax) - f (%) K MPUPALICHUIO HE3aBUCUMOM IEPEMEHHOMN Ax npu

CTPEMIICHHHU IMOCJICTHETO K HYJIIO:

y'= f’=lim£=lim [l+ag)—f(2)
Ax—0 Ay Ax—0 Ax (1)




O0603Ha4YeHHS POU3BOTHOM B TOUKE X!

df (x,)
dx

, y,(xo)

X U Ipyrue.

’
3 > yX

5 dy
(%), o

Xo

Ecnu ¢pyHkius B Touke x, (WK Ha MpoMexyTke X) UMeeT KOHEUHYI0 POU3BOIHYIO,

TO (YHKIIMS HA3bIBACTCA Oudpepenyupyemoii 8 a3moti mouxe (WA Ha TPOMEKYTKE

X).

Hpouecc OTBICKaHUA HpOHSBOI[HOﬁ Ha3bIBACTCA

ougepenyuposanuem.

T'eomempuueckuii cmvici Rpou3600HON.

Eciu xkpuBasi 3a1aHa ypaBHeHHeM y - f (X) ,

’
f (Xo) =1ga ; y )
TO — yrJioBoii ko3 PuuueHT KacaTeabHOIi K rpaguky GyHKUMH B 3TOM

K=tga= f’(xn))'

f )

TouKe (

YpaBHEHHE KacaTeIbHOU K KPUBOU y=1®)

B TOUKeE X (npsimast MyT) umeer BUL:
y=1f(x)+ f’(XO)(X—XD), (2)
a ypaBHeHue HopManu (MoN):

;(x—xo).

Y= f(xo)_ f’(xg) 3

[IpaBuna nuddepenrpoBanus

Ne i1

U =u(x), V=V(x) —
muddepennmpyembie GyHKIMHA

Ne i1



U =u(x), V=V(x) —
muddepenurpyembie GyHKIIUHA

I
uxv)y=u'£v

VI

Tpomssonras croxoii Gyrxum Y = U], Y= fu
I

(uv) =u"v+uv

VI

x=x(t) ’_d_y_Lt’

@yHKIMA 3a/1aHa TApaMETPUIECKUMU YPABHEHUAMU {y =y(0) o %

111
(cu) =cu’, c=const

IV

'd

(E] :w (v(x) %0)
Vv

Vv

VIII

Eciu Y= f(x)I/I X= f_l(y)_
B3aMMHO 0OpaTHbIe QYHKIINH,

Id 1 Id
X, =—, (v, #0).

TO Yx

\Y%

:

’

B cv, C=const
VT (v(x)#0)



®dopmyiel auddepeHIMPOBaHUS OCHOBHBIX 3JIEMEHTAPHBIX (yHKIIHMA

Ne i

c=const, x — He3aBHCHUMasl IepeMeHHas,
u = u(x) — auddepeHnupyemas QyHKIHAS

1

(ctgu) =~

sin’u
4

(@)Y =a"Inau

12
(arcsinu) = ﬁ; lu|<1
5

(") =e"u



13

7

' u
(arccosu) = —ﬁ
1-u®

6

: |u|<1

4

(log,u) =—— (u>0)
ulna

14

(arctgu) = -
e
7
(Inu) = al (u>0)
u

15

(arcctgu) = - -

8

(sinu) =cosuu’

IIpou3zeo0Hnoii n-20 nopsoka Ha3bIBAETCS MPOU3BOIHAS OT MPOU3BOAHOM (n—1)-T0 nopsaKa.
[Tpon3BOIHBIE BBICHIMX MOPSAIKOB BHIYHUCIISIIOTCS MOCIEI0BATENbHBIM JU(HEpEeHIIMPOBAHNEM

JAaHHOH (PYHKIUH.

d’y

” . NS 2 L]
TIpousBoHas BTOPOTo mopsnka ~ ) o dx

d’y
” ”\’ _3
[Ipon3BoiHAsI TPETHETO MOPSIAKA y =) wm dX g, I.



Ipumep 1. HaliTn mpon3BOIHBIE PYHKITHI:

4 v arctg2t
=3x° + 4 x* —— t i u=ctg®=: z= .
a) Y x> 6) s=(e —Zlnt)smt;e) 5 3°2) 1+4¢*

Pewenue.

a) Ucnonp3ys npaswia I, 111 u popmyiny (3), momyuum:

Y =0 +3x* =413 =30 + (Y — 4(x*Y =
2 12

—+=.
3x X

=35x" + %x’m —4(-3x*)=15x" +

0) Ucnonw3ys npasuia auddepenunpoBanus npousseaenus Gynkuuit I, pasnoctu I, popmynbt

(5), (7), (8) u yunTsIBasi, 4TO HE3aBUCUMAs IEPEMEHHASI €CTh t, T. €. t=1, MOIyunM:

s=[(e' —2Int)sint] = (e' —2Int)’sint + (¢’ — 2Int)(sint) =

’ 7 . t t 2 . t
((e")Y —2(nt))sint + (e —21nt)cost=(e —?)smt+(e —2Int)cost.

6) CnosxHas cTeleHHas (bYHKHHH, HE3aBUCHUMaAd IICPEMCHHAsA €CTh V,

T. €. v=1; ucnons3ysa Gopmyiny (3), moayaum:

2) Ucnonw3ys mpasuna guddepentimpoanus yactHoro [V, cymwmsr 1, 111

u Gopmysl (3), (14), yuuTsiBas, 4yTo t=1, HOTyIHM:



[ arctg2t ’ _ (arctg2t)’(1+4t%) — (arctg2t)(1+4t%)
1+ 4¢° (1+4t)°

(2t 2
e (1+4t°) —arctg2t(0+ 4-2t) _ 2-Brarctg2t
(1+4¢°)* (1+4c°)?
=4/x°—3
Ilpumep 2. CocTaBUTh YpaBHEHHE KAaCaATEIbHOU U HOPMAJIU K KPUBOM Y= B TOUKE C

abcruccont xg=2.

Hcnonb3yem ypaBHEHHS KacaTeabHOH (2) 1 HopMamu (3):

1 ¥(x)=y(2)=v2* -3 =1,

YO0 =(( =3 =207 =3) 2 =3 = (" =3) T2v= L
2)

2

y’(xo) = y’(2) = \/227—3

=2.

Moncrasmm %o» Y(%0): ¥ (X0) g ypapnenns u nomymme: Y = 1+2(x=2),

WK 2x=y~=3=0__ YpaBHEHHUE KACATEIbHOM.

1
y=1-—=(x-2), A
2 wm X T 2y=4=0__ ypaBHCHHE HOPMAJIH.

Ipumep 3. Haiiti pon3BoaHyto Yx , ecnn (pyHKIMS 3a1aHa MapaMeT-pUIecKH:

x=In(5-2t)
y =arctg(5— 2t).

Hcnons3yem npasuino VII t



X, _ (5_ 2t)’ _ _'2
E5—2¢ 5—Dt
,  (5-2t) -2
yf: 2 = 2.5
1+(5-2t)* 1+(-2t)

, =2 =2 5-2t _ 5-2
e 1+(5-2t)* 5-2t 1+(5-2t)° 4*-20t+26

Ilpumep 4. Hatitu nuddepennnansl GyHKITHI:

q) Y=XHC082X 5 u=3+e"; ) s=In3t.

st muddepernmana GyHKIAH y=yx) cripaBeyinBa Gpopmyna dy =y (x)dx, T. €.
muddepennman GyHKIMN paBeH MPOU3BEICHUIO IPOU3BOAHON 0T PpyHKIMK Ha nuddepeHiuan

HE3aBHUCUMOM MEPEMEHHOM.

Pewenue.
q) =(x+cos 2x)dx =(1—sin 2x-2)dx = (1— 2sin 2x)dx.
g) du=0C+ e *Ydx=e *(-1)dx =—e "dx.

ds =(In3t)'dt = (:;—t)dt = idlf = %dt.

8) t 3t

__ e
Ilpumep 5. HaiiTu mpon3BOAHYIO BTOPOTO MOPsiAKa PYHKIIMH y=x In x.

» NS
Pewenue. ¥ = ), MI03TOMY HaiAEM NPOU3BOIHYIO IIEPBOTO NOPAKA,

a 3aTCM BTOPOTO.

Y =(x*Inx)' =(x*)Inx+ x’(Inx) = 2x-In x + x° L oxinx+x= x(2Inx +1).
X



Yy =(x(2Inx+1)) =X 2lnx+1) + x(Qlnx +1) = 2In x +1+ x% =2Ilnx+3.
X

X

IIpumep 6. HaiiTn npon3BoaHyI0 G yHKIUU y== norapugmudeckum nuddepeHIpoBaHUEM

y=x
Iny=Inx"
Iny=x-Inx
(Iny) =(x-Inx)

zl-lnx+x-l
X

y

b4

Y —Inx+1
¥

y =y(Inx+1)
¥

x*(Inx+1)

oo

( : ] (
IIpasuno Jlonumana. Ilpenen oTHOUIEHUS ABYX 0.M. 0 i 6.6.

o]

](byHKuI/HZ paBeH
npezeny OTHOIEHHS UX MTPOU3BOAHBIX (KOHEUHOMY UM OECKOHEYHOMY), €CJIN OCIEeTHUH

CYLIECTBYET:

lim f(x) = lim f:(x).
S0 % ) ()

YroObl HCIIOIB30BATH MpaBUIIo JlomuTas A pacKpbITHS HEONPEAeNEHHOCTEH APYTUX THUIIOB,

BBIpaXEHHE 101 3HAKOM IIpejienia clieayeT npeoOpa3oBaTh 3JIeMEHTapPHBIMU CIIOCO0aMH Tak,

co

0
0 oo
qT06BI HOJ-[qu/ITI) HeOHpelleJ'IeHHOCTB N

JI/I 3aTeM HCTOJb30BaTh Gopmyiy (5).

Ilpumep 7. HaiiTu mipeeIibl, HCTIONB3Ys MPaBUIIo JIomuTas win dJeMeHTapHBIC CITOCOObI

PACKpBITHS HEONPEIETEHHOCTEM:

. 4x°+2x-3 . 2x"+15x+7
im————; lim —; ;
a) = X +6 g) 7 x"+5x-14




Pewenue.

a) [loactasisist B GyHKIMIO BMECTO X MPEACIBbHOE 3HAYCHUE ©° , OMPECIUM Mpee

YHUCJIUTCIA U 3HAMCHATECJIA.

X—yeo X—>00 X X

]jm(4x3+2x—3)=limx3[4+%—%]=w4=oo, = =0, iﬁoo

lim(x* + 6) = oo,
AHAJIOTUYHO: *—*=

co

Nmeem HCOIIPCACIICHHOCTDb B A (oo ] I/ICHOHBS}/CM IIpaBUJIO Jlonurans:

. 4xX°+2x-3 . (4xX°+2x-3) | 12x*+2 (oo
lim X E X0 X T XT0) et e[ 2]
xe X" 46 xo= (X" +6) xR o9
Z ’
e it S TN
X—y00 (2x) x—02 ) X—y00

lim

2x* +15x+7 _ it 2(=7)* +15(-7)+7 _(0)_
6) X’ +5x—14 7 (=7)* +5(-7)-14

0

. (2x*+15x+7) . 4x+15 .. 4(-7)+15 -13 13
= lim ~—; ~— = lim ———=lim = =—,
x>7 (X*+5x—14) x>7 2x45 x>7 2(=7)+5 -9 9

ConeprkaHue NPaKTHYECKO padoThI

3aganue 1. Haiitu npousBoaHbie 1-ro nmopsaka JaHHBIX QyHKIUH

5 Vv 5—sin 3t
a)y=3x>——=—-x"; gu=In*—; 2)z= i
1 )y x7 6)s =(1+1t*)(2 - 3arcctgt); ) 3 ) o™t

_ sin(2—t)

_cy_ 2 oss. sin(2-t)
2) q)y =hx x4+3‘/x_’ 6)s=(4—3Inf)(5+2sint); &)u=sin*@V+3) 2?7 mz 3

3 3t

G e
Ay =7x —i_x6 U 6)s =(3—cost)(5+6sint); e)u=~1-4V?; E)Z_aI‘COSZI'




. In(4—5¢)
=5x" +——-Vx"; - =——,
1) a)y =5x X X 6)s =(3t’—4)(t—2cost); 8)u=In’(5V —23); 2)2 sint

i _ t—arcsin 5t
* 6)s=t"(4+arctgt); 8)u=cos’(3V +1); 24 gt

a)y=x5—%+2{/x_5
5) X

a)y=x4+l—2i/_ _arctg2t
X

X ) 8= 3+ tot)1—Actgr); Hu=ig*@V+3; DE=Toa@ "

3apanme 2. CocTaBUTh ypaBHEHHE KacaTEIbHOU U HOPMAJIM K KpUBOM y=f(X) B TOUKe
¢ abcImccoi xy.

2) \,‘5—X2, Xy =2,

x> +3x
X,

3 3 7

4) \/;'FZX, XG=9.

6) V1+3x, x, =1.

3ananue 3. Haittn npomsBomayto ' GpyHKINM y=)(x), 3 JaHHOH TTapaMeTPUUIECKH:
{x = x(t)
y=y@
x=sin 2t
1) y =cost

x =cos(2t+6)
y =sin(2t +6)

2) {
x=(1-t)*
3) y=cos(t—1)



XG= ftg
6) y:t2+1

3ananme 4. Haiitu nuddepennmans! GyHKINN:

1) y=sin2x+5;
2) y=Inx-x’;
3) y=4+8sin x;
4) y=2x-1.
5) y=1-cosx;
6) y=10-3x"

3apanme 5. HaiiTu nmpou3BoIHYI0 BTOPOTo Mopsaka GyHKIuu y=f(x).

1 yx=In +9
2) y=cosx—Inx
3) y = sinx+ x*
4) y=x"+sinx
5) y=x+Inx

6) y=23e" +2x



3apanme 6. Haiitu npou3BoiHy10 (yHKIHUU JOTapUPMUIECKUM

muddepeHurpoBaHUEM
1) y = ( Sin X)COSX
2) y=(cosx)’
3) y = Xlnx
i Inx
1) y=(sinx|
5) y — XCUSX
6) y - ( tgx)lnx

3apanme 7. HaliTu npenensl, ucnosib3yst npaBuio Jlonurais.

lim 16-x"
1) 4 x*=5x+4’

) e*SX _1
lim .
2) x=0 aFCth

lim tEex :
3) x>01—-cosx

6x° —5x+1
i !

’

li
4) x—1/3 1-3x

4sin x _ 1
lim

5) *20 sin3x '

]imX2 —%—2
6) x—2 x—2



[TpakTuueckas pabora NeS

Tema: UnTerpas. Meroabl nHTerpupoBanusi. OnpeaeneHHbIi HHTerpaJl.

HCJIb: C(bOpMI/IpOBaTB YMCHUE BbIYUCIATE HCOIIPCACIICHHBIC U OIIPEACIICHHBIC HHTCTPAJIbI,

HCIIOJIB3YA PA3JIMYHBIC METOAbI HHTCTPUPOBAHUA.

TeopeTnyeckue cBeleHHsI K NPAKTUHYECKON padoTe

OyHKIMSA (x) orpeziefieHHasl Ha UHTEpBaJIe (a’b) HA3BIBACTCS Nep8oOOPa3HOU IS
b 2

f

z —_—
byHKIIUN ( X) , OIIPEZICTICHHON Ha TOM K€ UHTEepBaje ( a’b) , €CIH ( X) =3 ( X) )

Ecimm F( X] — nepBooOpa3zHast I PYHKIIUH f( X) , To mo0as Apyras nepBoodpazHas q)( X]

x) (X]
JIA (1)YHKI_II/II/I f( OTIINYacTCA OT Ha HCKOTOPOC ITOCTOAHHOC CjlaracMoc, T. €.

@(x) =F(x) +C, e C—const

f(x)
nepBooOpa3HbIX uid 3Tol (pyHKIMU. O003HaYaeTCsl HEONpeAeIEeHHbIA HHTErpall:

jf(x)dx=p(x)+c,m

Heonpeoenennvim unmezpanom ot GyHKINH Ha3bIBAETCS] COBOKYITHOCTh BCEX

F’(x) = f(x), C — const.

€

Onepatyst HaX0XXJICHUI IepBOOOPA3HON /Ui JaHHOW (DYHKIIMU HA3bIBACTCS UHIMESPUPOBAHUEM.

WNuTterpupoBanue sBisieTcst oOpaTHOM oneparueit K qudepeHnnpoBaHuo:

([ F(x)dx) = ().

J151s mpoBepKU MPaBHIIBHOCTH BBITOJIHEHHOTO UHTETPUPOBAHUS HEOOXOJUMO
npoaudhepeHIUpPoBaTh pe3ybTaT HHTETPUPOBAHMS U CPABHUTDH MOITYYSHHYIO () YHKIUIO C

MNOABIHTETP aJIbHOM.

CBolicTBa HEOIPEICIEHHOTO HHTETpaIa:

1. (If(x)dx),= f(x); d]f(x)dx=f(x)dx;



, |dF(x)=F(x]+C;
ka | dx = k_[f k —const;

4 I(f( x)+g(x))dx= J-f dx+J-g x) dx.
Tabauya ocHoBHbIX UHME2PANO8

1. JOdu:c; C =const;,, jdu=u+c;

o+l d
Ju“du:;+1 , =1; -JTZ=2\/E+C;

3.

ja“du:a—u+C;

jd—u=ln|u|+C;
u 5. Ina

4,

6. Ie du=e +C;7'J-cosudu=smu+c;

jd—gztgu+c;

8. jsmu du =—cosu +C; cos’u

9.

j il =—ctgu +C; I =arcsin£+C;
10. ? sin“u 11. " Na’* —u’ a
J- du ZIH‘U‘F u2i02 +C, j dU :larctgg+cj
12 "Nu*tad’ 13. ‘u’+a’ a a
d 1 —
I ; uzz—lnu T I——lntg
14, " U —a 2a u+a 7 sinu

j—uzlntg PR C 2 ¥
16,  cosu D 4 7 jtgudu=—ln|cosu]+C;



18 jctgudu = ln‘sinu] +1
Kaxxnas u3 npuBeieHHBIX B Tabiuie GopMysl cripaBejinBa Ha IPOMEXKYTKE, HE COJlepiKaleM
TOYECK pa3priBa HOHBIHTCFpaHLHOﬁ (bYHKHI/II/I Brrancnenue HHTErpajoB C UCIIOJIb30BAHUEM

Ta6J'II/II_[BI M OCHOBHBIX CBOMCTB Ha3bIBAIOT HEIIOCPEACTBCHHBIM HHTCITPUPOBAHUECM.

Ilpumep 1. ITonp3ysick TaOJIMUIICH OCHOBHBIX MHTETPAJIOB U CBOMCTBAMH HEOIIPEACIICHHOTO

MHTETpalia, HalTh HHTEerpalibl (pe3ysibTaT HHTETPUPOBAHUS IPOBEPUTH AUPPEPEHIIPOBAHUEM):

. 5 16— x*
a)J- > K j—l+2\6/x5 dx; 6)_[ ————+3-5" + ——— ldx.
Jxi+7 X 11x° +2 4+x

Pewenue.

341 _efs 5 3 1 55
+ 2802 = || —— i e 2 dx =
G)I[\/x +7 x* x ]X I[ k2 x X * *

HCIO/Ib3yeM CBOMCTBA 3U4 1 pa300beM UHTerpas OT CyMMBI

=< (pyHKIIMM HA CyMMY HHTErpasioB, IPH 3TOMIIOCTOSTHHBIE =

MHOXKHTEe/IM BEIHECEM 3d 3HAK UHTErpa/ioB

it HCIIOJIL3YeM Tab/IHuuHEBIe
= 5_[ & BI— — | xtdx + 2I x¥dx = i =i
NxI47 uHTerpasei 12,4, 3
—4+1 5/6+1
=51n’x+\fx2+7—31n|x| $D e +C=

—4+1 ~ 5/6+1

/ 1 12
=5]_1‘1‘X+ X2+7 —SIHIX|+F+HX11/6+C.
X

IIposepxa:

[5]n‘x+\:‘x + | 31n|x[ 12 11/6+C)—5(1n’x+\/x + D

4 HCII0J/IBE3YyeM (POPMYJIbL
(X1]7/6] +CI={ yeMm ¢Gopmy. }

—3(1n|x|)’+%( x_3)’ .

11 4, 3, 1 TabnULIBEI IIPOHU3BOAHBIX
5 (x2+7)
(x+\!x2+7) 1+72
_ o, d 1 oy 3y 1211 e 2Nx"+7
=5- - B e gL g, 2R VT
x+\x2+7 x 3 11 6 x+Nx>+7
1+;
3 1 5/6 ‘\’X2+7 3X3+1 6/ 5 VX2+7+X
—— =4 2x7° =5 = — 3 +2vx" =5 -
X X x+\/x +7 X (x+\/x2+7)\/x2+7
3
3X aii +2¥x° = 2 +1+2\51x5—}3ep1—10.

x* \/x +7 x*



16— x +3]5 dx +

5 ‘. B
6)1[11x2+2+3'5 j 5j11(x +ﬁ]

+_[(4_X)(4+X)dx=if dx

2
4+ x 11 ) >
X“H| [~
11

+ 3J5de +4_[dx — _[xdx =

WCTI0J/Ib3yeM (DOPMYJIbI 5 1 5X
= = — . —arctg—+3-

13, 5, 2, 3 TaOMMIIBI UHTETPAIOB 11 2 2 ln5

11 11
1+ X 2
+4x — +C=iarctg,/2x+35 +4x——+C
1+1 V22 2 In

Ilposepxa:

’ /7

iarctg\/ﬁx+35x +4x—lx2+C > arctg\/ix +
J22 2" "In5 2 2 2

’ ’ HcIoas3yeM popmynsl 14, 5, 2, 3, 1
+i(5x +4x’—1( 2) +C’={ yes opuy }=
TabJIUIbI TPOU3BOHBIX

In5

’

Fx
5 (V2 3 1 5 5

= +—.5*In5+4-1-=2x"" = +
J22 .11 5 In5 27 T2 24114
2 5
13.5% 44— x= 2 V1.2 5o (4-X(44x]
V142 V2(2 4112 4+x
2
= 2+3-5X+16_x —BepHO.
2+11x 4+ x

Memoo 3amenvt nepemeHHOU

Teopema 1. TIycts X~ ¢(0) MOHOTOHHas1, HeNpepbIBHO TuddepeHIrpyemas

byHKUMA, TOTaa



J feodx=[ fone @ |,

| Fo@e@)dt=F©)+C,  [f(dx=FWGN+C,_ w(x)

[Ipu 3TOM, €Cn

— ¢yHKIWMs, oOpaTHas P (1) )

dopmyina (1) Ha3pIBaeTCS Yopmynoll 3aMeHbl nepemeHHOl B HEOTIPEICTICHHOM

WHTETrpase.
ANropuT™M 3aMeHbI IEPEMEHHOM:!

1) CBs13aTh CTapylo IepeMeHHYI0 HHTerpupoBanus X ¢ HOBoit mepeMenHoit [ ¢ momormpo

3aMCHBI X= (p(t) .

dx=@'(t)dt

2) Haiitu cBsi3b mexny nuddepenmaiamu
3) IlepeiiTn o1 3HAKOM MHTErpajia K HOBOK NIEPEMEHHOM.

4) IIponHTErpUpPOBaTH U B MOIYUYEHHON MEpBOOOPA3HON BEPHYTHCS K CTAPON IEPEMEHHOI,

OJICTaBUB t= lp(x).

Ilpumep 2. IIpouHTETpUPOBATH MOIXOIAIIEH 3aMEHOM TEPEMEHHOM.
a) J-cos 4xdx; 6) .[eg”ldx; e)J-x(2 — x%)°dx

Pewenue:

t = 4dopmyna 7
a) _[cos 4xdx =|dt = (4x) = 4dx| = fcostﬂ = ljcosTdﬁ# bl
4 4
_de WHTErpasoB
4

dx

=lsint+C=lsin4x+C.
4 4



t =9x +1dopyyna 6

d 1
6) | e”Mdx =|dt = (9x +1) = Ydabadwb— = — | e'dt = =
) | ( C)h et =< |
a=t MHTerpasoB
9
Leie=lemyc
9
(=2-x" dopmyna 3
6)[ x(2—x*) dx =|dt = (2— x*)' = —2xal e [ur _dt :—ljﬁdtz =
i@ ' 2 2
xdx =9t HMHTerpasoB
6
ORI S CHYG)
26 12

I/IHTerpI/IpOBaHI/IC I10 4aCTAM.

HeKOTopHe BHUAbI MHTCTPAJIOB, BBIYUCIIACMBIX 110 4aCTAM

U=U(), V=V(x)

Ecnu npousBoHbie GhyHKIIMIA HETIPEPBIBHBI, TO CIIpaBeInBa hopmyIa:

jUdv =UV - j VdU, 3

Ha3bIBaEMasi YopMYI0U UHMESPUPOBAHUS NO YACMSM.

U(x)

B kauectse 0OBIYHO BBIOMPAIOT PYHKITHIO, KOTOpas yIpOIIaeTCs Mpu

b depeHunpoBaHUN.

Hekoropele cTannapTHbie ciydad QyHKIMA, HHTETPUPYEMBIX 10 YacTsIM, YKa3aHbl B

Tabmue 1. Tam xe paercs crocod Beibopa muoxkuteneii U n dv .
Tao0muma 1

Buo unmeepana

U—dU



dv -V

_[Pn (x)sin kx dx
| Pu(x)coskxdx
.[P" (x)ekx dx

fi =1, 2....

U=PB(x)—
—dU =P, (x)dx

desinkxdx%V:—lcoskx
k
dV =coskxdx -V :%Sinkx

dV =e™dx —>V=%ekx

Buo unmeepana
U—dU

dv -V

IlnkxPn(x)dx

U:lnkx%dU:E
X

dV =P,(x)dx —
—-V= IPn(x)dx

jarcsin kx P, (x)dx

kdx

N

U =arcsinkx — dU =



jarccos kx P, (x)dx

kdx

V1-k2x?

U =arccoskx — dU =—

IarctgkxP,,(x)dx
kdx

U=arctghkx > dU =———

& 1+ k2x?
Iarcctg kx P, (x)dx

kdx

U =arcctghx »>dU =———

. 1+ k2x?
n =012,

_ n n—1

Fa(x)__ MHOTOYIEH OT X cTemeHu M, T. e. Pi(x)=apx" +aix™ " +...+ay , TIIe

ag#0 -
Ilpumep 3. ITpoMHTETPUPOBATH 10 YACTSIM.
a) [(3x—1sin2xdx; 6) [(1+2x)In xdx.

Pewenue.



U=3x—-1—dU =3dx

d) | (3x—1)sin2xdx = =(3x-1)(—
)I( ) dV:sin2xdx%V:—COS2X ( X

COS2X COS 2x
+
2 ) I 2

dx =

1 1 :
=——(3x—-1)cos2x + EIcos 2xdx =——(3x—1)cos2x + Esm 2x+C.
2 2 2 4

U=Inx—dU =ﬁ
X dx
6) j(1+2x)1nxdx= dV = (1+2x)dx — =1nx(x+x2)—j(x+x2)—=
X
Vv :J(1+ 2X)dx = x + x°

2
=lnx(x+x2)—J-(1+x)dx=1nx(x+x2)—x—x7+C.

OnpeneneHHbId UHTETPAJI, €70 BBIYMCICHUE U CBOMCTBA

]

. X .
Onpeoenennviti unmezpai OT QyHKIUH () , HETIPEPBIBHON Ha OTPE3KE

BBIYHCIIACTCS 110 (opMyJIe:

rae Flx)_ nepBooOpazHas st QyHKITUH f() , T. €.
dopmyna (5) HazeiBaeTcsa popmynot Horomona — Jletionuya.

Ceoticmea onpeodenenno2o unmezpana.

a a

1)J-f(x]dx:—jf(x)dx; 2)_[f(x)dx=0;

b



3)jf ) dx = jf dx+jf

b

D[ F(x)+g(x))dx= jf dx+jg

a

S)ICf x) dx = CJ-f x) dx, C —const;

6) Bcmn f(x)<g(x) st seex K€ [a,b] ’

m(b—a]SJf(x)deM(b—a).

7) Ecu ms f(x] SMI[J'IH BCEX xe[a,b] , TO

[Tpu BBIYKMCIIEHUH OIPEICICHHOTO HHTETpalia s HaX0XICHUs IEPBOOOPA3HOI HCIIONb3YIOT T
K€ METOJbI, UTO U JUIS HAXOXKICHHS HEONPEIEICHHOTO HHTErpaa, T. €. 3aMEeHY IepeMEHHOM,
WHTETPUPOBAHKE TI0 YacTaM U T. 1. OIHaKO ecTh psij ocodeHHoctei. [Ipu 3ameHe nepeMeHHon

o ¢opmyse (1) HE0OX0IUMO B COOTBETCTBUU C 3aMEHOW MEHSTH MPE/IEIbl UHTETPUPOBAHUS:

e &= v(a), P=w(b), t=y(x)_ oOpartHas K x=0(t) byHKIHSL.

®opMmyiia HHTErpUpOBaHUS MO yacTsaM (3) mpruoOpeTaeT BUL:

TUdV =uv|’ - TVdU,
(7)

j (X2 —16x+3)dx
Ilpumep 4. BBIYMCIUTH ONPEIETICHHBIN UHTErPAIT !

Pewenue.



X x* ’ il ’
x —16x+3 =(——16 —F3x =[?—8x2+3x =
1

1

o)

=(9-63) —[——5 —54——+5_—49—§=—49%

‘—“_ﬁm

ConepkaHue NpaKTHYECKO padoThI

3amanue 1. BoIYUCIUTH HHTETPAJIBI.

4 ’
J-( 27 X 45—5+3\/;dej-( 5 +7x_81n2x]dx
x“+16 X 2
1) 5x“+5 COS X

5 2X +10 x2—4
+4Yx° 2% _
Z)J J3+ %2 x J I[2x I T x+2 ]dx

2 2 2 _
j +\/;— + 4e* de e 2—3cosx+x - dx
3) X Jx2+3 3+ 3x x—3
8 6+x
_[ _3\/7 de' —2sinx+ 3" |dx
4) \/5+X x* 2x% +2
2 4x* -1 -
I -+ XB -—2% dxj 26 +351r12x 3 dx
5) \/4—x2 X 3x“ -9 sin” x

3, D
| 222522 5 i [| =22 45
6) 2x°-8 X

COoS X

3amanue 2. [TpouHTerprpOBaTh MOAXOIAIIEH 3aMEHON IEPEMEHHOTO.

e xdx

1) jsir123x J\/2+X2 J-el_gxdx

%) J(Zx—l)cos(x2 — x)dx Jx 5+ x? dx _[es”S dx




3 J10% " dx J Smgdx J 5: 13

4 _[ (3~ %dx _[cos 2xdx _[esmx cos xdx

dx
5) J-m _[sin2xdx J-37X_1dx

xdx

6) J \/17)( _[51[1(2 3x)dx j JER

3apanme 3. [IpounterpupoBaTh MO YaCTAM.

1 I( 7x —1) cos xdx jarctgxdx

2) ,[(6“5") e” dx _[(7X+5)lnxdx
3) Ixcosxdx Iarcctgxdx

4) I(1+ 2x) cos xdx Iarcsinxdx

5) I(Bx—l] sin5xdx _[(6+5x)lnxdx

6) _[xex dx j(3x+ 2)In x dx

3ananue 4. BeunciauTh onpeeaeHHbIN HHTErpal.

x* +10x|dx
o

3
J‘(Sx2 +6x—2]dx
2) >

3

j x* —16x+3)d

1

_T( 21x—19)dx
4) o



[TpakTuueckas pabora Ne6

Tema: IlpumeHeHne onpeae/IeHHOT0 MHTErPaJia AJIA BHIYUCICHUS IJI0IA/IeH,

JNJIMH 1 00beMOB (uryp.

He.]]]): C(i)OpMI/IpOBaTB YMCHHUC IPUMCHATDH OHpGI[GJ'ICHHBIﬁ HUHTCTPAJ IJIsI BEITHCIICHHA

JIOIAICH, UTMH M 00BEMOB (UTYD.
TeopeTuueckue cBeileHNs K MPAKTHYECKO padoTe
[Tnomaay mnockux Guryp

1. Beraucnenue miomanei miockux (GUryp B IEKapTOBOM CHCTEME KOOPAUHAT

Ecnu nnockas ¢urypa (puc. 1) orpaHnyeHa JIMHUAMU y=hlx), y=Flx) , Te

fz(X] 2 fl(x) JJIsL BCEX X€E [a,b] , U IpsAMbIMH X = a | X:b,TO €€ IIo1Iaab

BBIYHCIIACTCS 110 hopMyJIe:

s=( fax) = fil x)) dx.
H ()



=

N
i 0
S

Puc. 1

Puc. 2

Ipumep. Haiitu omaas GUrypbl, OrpaHU4eHHON TUHHUSIMHU:
y=x*-2, y=3x+2,

Pewenue. Tloctporm cxemaTudeckuii pucyHokK (puc. 2). {1t mocTpoeHust mapadoisl

BO3bMECM HCCKOJIBKO TOYCK:



14

14

[l mocTpoenus npsAMou JOCTATOYHO ABYX TOUYEK, HaIlpUMEDP 0, 2) 151 (-1 -1 .

M 2

_ 2
Haiinem xoopauHaTel TOUEeK 11 M, nepecedeHus mapabousr J X U IIPSAMOU

Y=t

J71s1 3TOrO pemmm CUCTEMY YpaBHEHUN

—
F =X 2’:>x2—2:3x+2, x*-3x-4=0, x=-1, x,=4
W =3%4 2.



n=3(-1)+2=-1 y,=3-4+2=14. M;(=1,-1), M,(4,14).

Torna Hrak,

[Tnomans nomydeHHo# Gurypsl HaiigeM o Gopmyiie (8), B KOTopoit

() =3x+2, 13 =5 =2, ccomey 7002 X 1 ooy XE[-14],

[Tomyuum:

4 4 2 3 4
S = I(3x+2—(x2—2))dx= J-(Sx—x2+4)dx=[3%—%+4x] =

-1 -1 -1
44 3.(-1)% (-1)°
_34 4 a4 =y (=) +4-(-1) YR T S S
2 3 2 3 3 2 3
3 2 6 6

2. Buiuucnenue niowaoeu gueyp, oepanuienHulx TUHUAMU, 3a0AHHLIMU

napamempudecKu

Ecmu pyskimm y=y ( t) u*= d t) MMEIOT HEMPEPBIBHBIE TPOU3BOIHBIE IEPBOTO

tet, b
HOprI[Ka AJIs1 BCEX

{X:X(I)’ teto, ],

y=y(t),

, TO TUIOIIA/Ib MJIOCKOW (PUTypbl, OTPAaHUYEHHOM JINHUEH

NpSMBIMU X = a, X = b, r11e a = x(ty),

b = x(t;), 1 ocbto OX, BeIYUCISETCS 110 (hopMyIe:

§=

[y(e) x(e)de

)

Ipumep. Haittu mnomaas GUrypsl, OrpaHHYeHHON JTUHUSIMU, 33JaHHBIMU

napaMETpUICCKU:

x=2cost, y=3sint, 0<t<2m.



Pewenue. JIns noctpoeHus: Gurypbl COCTaBUM TaOJIMIly 3HAYEHUN KOOPAUHAT (X, Y)

o <t<
TOYCK KPpHBOHU, COOTBCTCTBYIOIINX PA3JINYHBIM 3HAYCHHUAM IMapaMeETpa L, Osts2m



S
2
-

Puc. 3

Hanecem Toukwu (X, y) Ha KOOpAUHATHYIO TNIOCKOCTh XOY 1 COSAMHUM IIJIABHOU

JIMHUECH. Korz:a mapamMeTp t N3MCHACTCA OT OIIO 27[, COOTBCTCTBYIOIIAsA TOYKaA

X =acost
-, 0t 2
(x,y) y=bsint
OIUCHIBAET AJUIUIC (U3BECTHO, YTO —
napameTpudeckue GopMyIibl, 3aJar0IIUe IUTUIIC C MOIYOCSIMH a U b). YUuThIBas
CUMMETPHIO (PUTYpbl OTHOCUTEIBHO KOOpAMHATHBIX ocelt OX u OY, Hailnem eé
IUIOAAb S, YMHOXHUB Ha 4 11oma e KpuBoinHeHon Tpanenuu AOB. CornacHo

dbopmyne (9) momydnm:

WcnoJib3yeM ¢GopMmyny

o‘—,wl?—!
O'—oNIFl

S =4|(3sint(2cost) dt|= 4|-6 [ sinfiodipxetms crenenn =
1tst sin® oL u3 TabsMLbl 2
kil kil
2 2 B
1 1. 2
=4 GI—(l cos2t) dt|= 4 j (1—cos2t)dt|=4|-3| t—=sin2t | |=
02 0 2 0

=671 ~18,850K®. ef. .)

=4|-3 E—lsmx— O——smO ‘ 3E
2 2 2 2

JnuHa 1yru miockon KpuBou

1. Berunucnenue gyru iocKoi KpUBOM B AEKapTOBBIX KOOPAMHATAX



‘i.J

4

a b X

y=f(x) B

L

Puc. 4

Ecnu kpuBas 3ajjaHa ypaBHEHUEM y=1(x] , byHkums f(x) HUMEET HEMPEPHIBHYIO

xe|a,b] B y y
MEPBYIO MPOU3BOJHYIO IIPH BCEX , TO JUIMHA JTyTH (puc. 4) »TOii KpUBOH,

3aKJIFOUCHHOW MEXTy TOUKaMHU A( a, f ( a) ) 151 B( b, f(b)) , BRIYUCIISIETCS 110 (hopMyTIe:

b
Lyg = [\1+( (%)) dx.
a (10)

2. Boruucnenue JUIMHBI AYTH KPUBOH, 3a1aHHOI MapaMeTpUiecKu

=x(t
. ), to<t<t

Ecnm xpuBas 3aana nmapameTpu4ecKu {y =Y [ t] , 1 QyHKIIIH X( t) > Y ( t)

te|to,t]

HMCIOT HCIIPCPBIBHLIC ITPOU3BOJAHBIC 1-ro IopsaKa Impu BCCX , TO IJINHA

) o
AyTH AB , COOTBCTCTBYIOUICHU U3MCHCHUIO IMapaMcTpa OT t() a0 b , BBIYHMCIIACTCA I10

dbopmye:

Lo = NIX T (0] .
o (11)

Ilpumep. Haiitu nnuHy Qyru KpUBOi

a)y=x3/2, 0<x<1; 6) x=2cost—cos2t, y=2sint—sin2t, 0<t < 2.

Pewenue.



. =f(x
a) Tak Kak KpuBas 3a/laHa B IEKAPTOBON CUCTEME KOOPAMHAT ypaBHEHHEM y=r(x) ,

’
TO JUIS BEIYUCIICHMS JUTHHBI IYTH BOCTIONb3yeMcs dopmymoii (10). Haiinem Y :

2 umnogcrasum B (10):

dopmyna 3 1a 13/4 3
4" 3 42 g 27 8|(13}
=— I t2dt = TabMMLpl  =— =—— 2 =—||=Z[-1]=
91 +1 27 27|\ 4
HHTEIPaJIoB 2

27

[13\/_

—_— 1} 1, 440e[quHuL] J/TUHBI . |

6) x=2cost—cos2t, y=2sint—sin2t, 0<t < 2m.

KpuBast 3aaHa mapaMeTpu4ecKku, O3TOMY Bocmosb3yemcs popmystoi (11). Haitnem

X(t), y(t).

X'(t) =—2sint +2sin2t, y’(t) =2cost —2cos2t nozcrasuy 5 (11):



21
g = f\/( —2sint+2sin2t)” +(2cost — 2cos 2t) “dt =
0
21
= j\/4sir12t—8sintsin2t—iL45in2 2t +4cos’ t —8cost cos 2t + 4cos> 2t dt =
0

21
= J-\/4( sin2t+coszt) +4( sin” 2t + cos” Zt) —8( costcos2t +sintsin2t) dt =
0

o1
= j \J8—8costdt =

0

WCTIO/Ib3yeM TPUTOHOMETPHYECKHe (POPMYJIbI
sin® o+ cos” o= 1u cos ( o —B) =cos acos B +sin osin B

UCTIONb3yeM (OpMYJTy

2n 2%
=\/§I\/1—C05tdt:< sinZ%:%(l—cosoc) == 2\/§j J2sin2%dt:
0 0

. o O
:>1—cosoc:2sm25

27

2m
= 4_[ sin%dt — 8cost| = —8( cosmt—cos0) ==—8(—1—1) =16€x nHWL] ATHHbI) .
0

0
Buruucnenue ob6vemos men epawerHus

Ecnu teno oO6pa3oBaHo BpamieHHeM BOKpYT ocu OX KpUBOJIMHENHOW Tpanenuu,

OTPaHUYECHHOU KPUBOM y=fl X) , 0cbt0 OX u ipsiMbIMU X =d | X'= b (puc. 5), TO

€ro 00beM BbIYHUCIISIETCS 110 hopmyJie:

VA




J.—' A
A P
0 1: X
|
|
|
_ 4] y=—4
(s 3
x =0 BJ" =—4x
Puc. 5
Puc. 6

Ipumep. Haiitu 00beM Tema, MOIYYEHHOTO BpalieHneM BOKpyT ocu OX (urypsi,
- _
OTpaHMYECHHON IMHUAMA: J 4x7, x=0, y=-4.

Pewenue. IlocTporM KpUBOJUHEWHYIO TPATICLUIO, BPAILICHUEM KOTOPOH MOJIyYaECTCA

TEeJ0 BpauieHus (puc. 6).

Yr1oObl MOTYIUTHh 00BEM TEJa BpAIIEHHS U3 00beMa Vi Tena, MOJy4YEeHHOTO
BpaienueM ¢urypsl O4ABC, BbraTeM 00beM V2 Tesa, MOJTYyYEHHOTO BpallleHUEM

burypst OAB. Torna uckomblit 00beM V=Vi-V2 110 dbopmyne (12) naitnem Viu

i
Vi=n[(-4)" dx=m16x], =167
Va. 0 (en. oobema);

V2= ’EJI.( —4x3) 2dx = 16nl.x6dx = 167IX—77 _J6f

0 (en. oonvema);

V:‘/l—vz :16‘]’{—167n=9—:nz43,085

(en. ooObema).
Conepxkanne NpakKTHYeCKOil padoThI

3apanme 1. Haiitu ruioniaap GUrypbl, OrpaHUuE€HHOMN JIMHUAMM.



1 y=x>-2, y=1-2x
Z)y:x3, y=8, x=0
3)y:3x2+1, y=3x+6
4) y=x2,y=x+1

5) y=x2, y=2—x2

6) y=x2—1, y=1-x

3ananme 2. Haiitu ruiomanp GUrypsl, OorpaHU4€HHOMN JIMHUSMU, 331aHHBIMU

mapaMCeTpUICCKH.
1)x:2t—t2, y=t(t-1), 0<t<1
2) x=t>-1 y=t>-t, 0<t<1

3) x=2sint, y=cost, 0<t<2m
gy x=Int, y=(t=1)(3-t), 1<t<3
5) X=1-cost, y=sint, 0<t<2m

6) x=cost, y=1-sint, 0<t<2xn

3amanue 3. Haiitu 1iiMHy Tyry KpUBOM.

a

y=1+Incosx, 0<x<—
1) 3

%) x=t?-1 y=¢°, 0<t<1



y=x§, OSxS1
5) 2

6) x=t>—4, y=t% 0<t<2

3ananme 4. Haiitu o0beM Tena, moJIy4eHHOTo BpaleHueM BOKpyT ocu OX Qurypsl,

OTrpaHUYEHHON JTMHUSAMHU.

2 - —
1 X -y=0, y=1
2) x*+y=0, y=-1

2 _ -

3) X~ =0, x=1
4) y=4x3, x=0, y=-4
5) ¥y=4x>, x=1 y=0
6) y=—4x°, x=-1, y=0

[IpakTnueckas padota Ne7
Tema: Matpuubl u aAeiictBusi ¢ HUMH. OnpeaeuTe/ b MATPHIbI.

Heanb: chopMupoBaTh YMEHHE BBITIOJHATH apu(METUUECKHE IEHCTBUS C MaTPUIIAMH,

HaXOIUTb OIIPCACIUTCIN MATPHULI.

Teopernueckue cBeeHHs K NPAKTHYECKOM padore



Marpuiieit Ha3bIBaeTCsl MPSIMOYTOJIbHAS TAOJIHIIA YUCEII, COCTOSIIAS U3 M CTPOK U n

CTOJIOIIOB, KOTOPYIO 3aIIUCHIBAIOT B CJIEAYIOIIEM BU/IE:

a;p Ay ay,
A Az Ay az,
aml amZ amn

st 0603HaYeHHUS MATPUIIBI HCTIOJIB3YIOT MIPOITUCHBIC IJATUHCKKE OYKBBI, 1JIs1 0003HAYCHUS
3JIEMEHTOB MATPHIIbI — CTPOYHBIE JJATUHCKKE OYKBBI C YKa3aHHEM HOMepa CTPOKH U CTOJIOIA, Ha
IIEPECEYCHUH KOTOPBIX CTOUT JAHHBIN 3JIEMEHT. 3allUCh « MaTpula B nMeer pasmep mxn»

03Ha4acT, 4TO p€ub UJACT O MATPHIIC, COCTOHH_[Cﬁ U3 m CTPOK U n CTOJ'I6I_IOB. HaanMep, MaTpuna

( 3 -1 0']
2 3 5 Jumeer pasmep 2x3. Jlanee, b;j - 0003HaYEHUE DIIEMEHTA, CTOSILETO Ha

MIEPECEUYCHHH -l CTPOKH U j-TO CTOJIONA JAaHHOW MAaTpUIIbI (B MpuMepe byz=>5).

[Tpu cchuike Ha i-70 CTPOKY MaTPHUILIBI A UCHONIBE3YIOT 0003HAYEHHE A;, IPU CCHUIKE Ha -1

cronben — o0o3HaueHue A.

Martpuiia, y KOTOPOH YHCIIO CTPOK COBIAJAET C YHCIOM CTOJIOIIOB, HA3bIBACTCS KBAOPAMHOIU.
DNEMEHTHI 11 , 423, ..., dny KBAIPATHON MATPUIIBI A (pa3zMepa nxn) o0pa3yroT 21a6H)0
ouaeonanv. KBagparHas MaTpuiia, y KOTOpOH OTIUYHBIE OT HYJIS QJIEMEHTHI MOT'YT CTOSITh
TOJIbKO Ha TJIABHOM JAMArOHaM, Ha3bIBAETCS OUA2OHAIbHOU. JIlnaroHalbHast MaTpuIla, y KOTOPOM
BCE DJIEMEHTHI (TTIaBHOM nuaroHanu!) paBHbI 1, Ha3bIBaeTcs edunuunou. HakoHer, kBaapaTHas
MaTpHlla, y KOTOPOU HIKe (BBIIIE) TJIABHOM TMAroHAIN HaXOSATCS TOJIBKO HYIJIU, HA3bIBACTCS
sepxHell (HudicHell) mpeyeonrvHou mampuyeti. Hanpumep, cpenu KBaapaTHBIX MaTPHI] pa3Mepa

3x3

-2 3 1 -2 0 0 1 0 O 2 0 0
A= 0 3 3 B=0 O 0| E=/0 1 0| C=[1 O 0
0o 0 -2 0 0 1 0 0 1 3 -4 -2

b b 2

MaTpuLa A ABJISIETCSA BEPXHEU TPEYTroabHOM, B — nuaronansHoi, C — HUJKHEN

TPEyTroJbHOM, E — € IMHUYHOMN.

Martpuusl A, B Ha3bIBatoTCs pasHuimu (A=B), eciii OHM UMEIOT OJIMHAKOBBIN pa3zmep,

U UX 3JIEMCHTHBI, CTOAININEC HA OJUMHAKOBBIX ITO3HUIUAX, COBIIAAAaIOT.



Apugpmemuueckue delicmsust ¢ MamMpuyamu.

YtoObl ymHoMCUMb Mampuyy A Ha omauduHoe om HyJisl geujecmeentoe yucio k,

HE0OXO0IMMO KaXKIbIH AJIEMEHT MAaTPUIIBl YMHOXXUTH Ha 3TO YHCIIO:

A iz w0 Gpy kay,  kap .. kay,
KA = k doi. @m s Hgp | kay kay, ... kay,
Ay Apy - Ay ka,, kan,, .. ka,,

UtoOb1 HAWTH cymmy mampuy A, B 0OTHON pa3MEpHOCTH, HEOOXOIUMO CIIOKHUTh

9JICMCHTBI C OJMHAKOBBIMH HHJACKCAMH (CTOSIHII/IC Ha OJMHAKOBbIX MCCTaX)I

a1 Qyp . Oy by by ... by
a. a,, .. da b. b,, .. b
A+B=| ™ 22 n || P2 22 2n |_
aml am2 amn bml me bmn
| @ tby  ay +by . @y, +by,
aml +bm1 amz + bm2 amn +bmn

ot )4
Ilpumep 1. Haiitu 2A-B, eciu g gy —3 2

Pewenue. CHauana yMHOKaeM MAaTpUILy A Ha YHCIIO «2», 3aTEM MaTpully B Ha yucio

«-1», n, HaKOHe1, HAXOAUM CYMMY IOJyYE€HHBIX MATPUIL:

woefs T T 2K

2 -3 —

4 —1 2—2_12(3)4 2+(1)4_—
"5 0 3 0 3 5|

3 5 0

Nmeewm:

=2(-1-0-2-5)+3(4-0—2-3)—1(4-5—(=1)-3)=—20—18 — 23 =—61.



IIpoussedenue AB MOXHO ONIPEICTUTH TOJIBKO AJI1 MaTpull A pa3Mepa mxn U B
pasmMepa nxp, npu 3ToM AB=C, matpuna C UIMEET pasMep mXp, U €€ JIEMEHT C;j;

HaXOJMUTCA KaK CKaJIIPHOE MPOU3BENICHUE i-1/ CTPOKU MATPUIIbI A Ha j-1 CTONIOeI]

- =AB! =a-b, . B b .
Matpuipl B: € =ABT = dibyj + dishyj t ot dinbnj =1 > - j=] 2 .. p). DakTHUECKH
HEOOXOAUMO KaXIyH CTPOKY MATPUIILL A (CTOSIIEHN ClIEBa) YMHOKHUThL CKAISPHO Ha

KKl cTo0e1 MaTpuIlsl B (cTosIel cipasa).

Ilpumep 2. HaliTu npou3Bei€HUE MATPULL

Pewenue. Pazmep marpuibl A 3x2, matpuubl B 2x2. [loaromy npoussenenue 4B
HaWTH MOXKHO, TIpou3BesieHne B4 — Het. JIeicTBys 1Mo chopMyTHMpOBAaHHOMY BBIIIIEC

IpaBUILy, OJy4aeM:

-1 1), (-LDL3) (—LD(=24)) (-1+3 2+4 2 6
3 J= O;4)(1L3) (0,4)(—2;4) |=| 0+12 0+16 |=|12 16
2DL3)  (ZD(=2:4) 2+3 —4+4 5 0

Martpuueit, mpancnonuposannoii K MaTpHIle A pa3Mepa mxn, Ha3bIBAETCA MaTpuIa A’

pasMepa nxm, CTPOKH KOTOPOM SIBJISFOTCS CTOJIOIAMH MCXOTHON MaTPHIIBI.

-2 0 1 cl=l 0o -3
C=l1 _3 3 1 3
Hanpumep, ecu , TO .

Ilpumep 3. Haittn

Pewenue. Bocriosb30BaBIIMCH BEIYUCICHUSMH, IPOBEICHHBIMU IIPU PELICHUN
IIpUMeEpa, a TaKKe NPAaBUJIaMU YMHOKEHUS MAaTPHULbI HA YUCIIO U CIIOKEHUS MaTPHLL,

MIOJIy4YUM:

-1 1 2 6 =2 5 -2 16

1 -2 2 4 Y
+ 2 7 =12 16 |+ 2| 4 7 1= 20 30

3 4 5
5 0 6 3 17 6



Marpuisl A, B Ha3bIBalOTCS 9K8UBaANEHMHbIMU, €CIU OJIHA TIOJIyYEHa U3 APYroil MyTeM

3JIEMEHTAPHBIX TPe0Opa30BaHUA.

Panzom matpuisl A B 1anpHeEHIIIEM OyIeM CUMTATh YUCIO CTPOK SKBUBAJICHTHOM €
CTYIIEHYATON MATPHIIBI, UCTIONB3YS 0003HaueHue r(A). Tak, B pacCMOTPEHHOM BBIIIE IPUMEPE

3.4 r(A)=3, r(B)=2. MOXHO /10Ka3aTh, YTO paHT MaTpHUIlbl A (pa3Mepa mxn) HE MOXKET OBITH

onpme ™M M} (yanpumvep, ns marpuist 4 pasmepa 2x3 T(A) =2 Kpome toro, panr
MaTpPHUIIBI HE 3aBUCHUT HU OT BEIOOpA BEAYIUX JIEMEHTOB, HU OT MPOBOIUMBIX IIPeoOpa3oBaHUi.
DTO CBOMCTBO MOYKHO MCIIOJB30BaTh MpH npoBepke. Tak, B mpumepe 3.4 1ocie nepecTaHoBKU
NEepPBOM U BTOPOM CTPOKU B MaTpHulle B MOXKHO B KauecTBe BEAYILIEr0 CHaYaaa pacCMOTPETh

3JIEMEHT b, a 3aTeM BBIYEPKHYTh TPETHIO CTPOKY, MPOMOPLHUOHAIBHYIO BTOPOI (C3 =z ):

2 0 49 1325
B=|d 3 8 5|95 Jo § 4 § |
19 2 6 19 2 6
1 3 2 5
_G=G73G ) 5 g 4 9 —>[1 4 2 SJ

2 0 49
~2 0 -4 -9

Buvruucnenue onpeoenumeneu. Onpenenurenb MaTpULibl A pazmepa 2x2

(ompenenurenb 2-To MOPsIKa) — 3TO YUCI0, KOTOPOE MOKHO HAWTH MO MPaBUITY:

dyp dpp
=0ay10p —dypdy;

detA:W:

;. Ay

(HpOI/ISBeI[eHI/Ie OJICMCHTOB, CTOAIINX Ha rJIaBHOM AuaroHajii MaTpuiibl, MUHYC

MIPOU3BECHUE DJIEMEHTOB, CTOAIINX HA MOOOYHOM TMaroHasmn).

Omnpenenutenb MaTpUIlsl A pazMepa 3x3 (ompenenuTeNb 3-To MoPsIKa) — YUCTO,

BBIYHCIIIEMOE TI0 MPABUILY «PACKpblmue onpeoeaumelis N0 Nepeoti CmpoKe»!

ap app a3

apy dpj ap1 dpj Az dpo
dEtA=W=021 Qpyy dp3=dy —app +dap3
sz dsj asy;  dag das; dzp
az; d3zp dzj
2 —3 —1
4 —1 2
3 5 0

IIpumep 4. Hanitn:



Pewenue. Ilpu Hax0XIEHUU ONPEICIUTENS BOCIIOIb3yeMCs cHadasaa (opMyaon

app dp i3

Az dpo
dEtA=W=021 ap; ax3|=dp

apy dpj ap1 dpj

—dap + a3

4 i P az; daj a3y dzg a3 dzp
31 32 533 , a3arem (s

BBIUKCJICHUS OTpeeNuTeNel 2-ro nopsaka) Gopmysoi

detA:W:

dyp dpp
=0ay10p —dypdy;

;. Ay

Conepkanue NpaKTHYECKO padoThI

3aganue 1. BoimonHuts apudmeTHueckue AeMCcTBUS ¢ MaTpULIAMU:

[1 —2) {1 —4) [1 ng (5 ul}
3 _2 +2
35 5 0 ).9y(3 4 0 3)

T

3 _4 &Y -5 -1 2 0 8 2 10 3
8 10 4J—SS 4 3 8 5+2/0 4 -2
1 Z N 1 4)\(-2 4
5) -3 14 5 10 )L =1 2.
2 -1 -3 2 3Y
1 0 -1 0 -2
(31 0 1) -3
-1 3 1 10 -3
6) 2 4 8 -1 1.

- (-5 6
3 4 5 7 2
—| 2 -3 |
5 & =2 -1 -1
I =
3amanue 2. Jlokazats paBeHCTBO (AB)C=A(BC) 17151 MaTpuit:

[4 42] (6 klj (1 4]
A= B = G'=
1) 1 -3 3 2 -2 5).

7

-3 2 1 2 0 1 3 1
A= 0 1 2 B=|-3 1 cC=2 1 4
2) 3 1 4 3 21 =1 1 =1].

2 b 2



-3 2 1 1 2
A=l 0 1 2| B=|4 -1 [—2 4 —1]
3) 3 1 4 , 3 1 , 1 2 0 .
0 1 -1V

(1 3]2 {1 -1T 1 0 1
3aganue 3. Haiitu: 1) 0 2 :2) 0 2 :3) 1L -1 8

3amanue 4. BoIluMCIUTH ONIPEACTUTEIIN:

sin@ —cosda|
1) cosax sina |.
-1 i
2) i 1.
1 2\
3) 0 -1
3‘
4) 5 6 :
3 -2
5) 4 -10f.
0
4 7
0
-2 3

[TpakTiueckas padorta Ne§

Tema: Cucrembl JTMHEHHBIX AJre0panyecKuX YpaBHEHUH U METOAbI UX

pelIeHusl.

Hean: chopMupoBath yMEHHE UCCIIEA0BATh U UCIIOJIH30BATh PA3JIMUYHBIC METOIBI JIJIsI

pelleHus] CUCTEM JIMHEWHBIX alNredpandeckux ypaBHEHHI



Teopernueckue cBeieHHs K NPAKTHYECKOH padore

PaccMoTpumM cucTembl THHEWHBIX anreOpanyeckux ypaBHeHuid (CJIAY)
POU3BOJIBLHON pa3MEPHOCTH, COCTOSIIUE U3 M YPABHEHUI C n HEU3BECTHBIMMU:

Qg1 Xy +A9Xy + ...+ A1 X, =by

amlxl +Clm2X2 T Gmnxn :bm . (*)

iy G e Oy
A s a21 (122 “ea azn
Matpuna Am Amz2 -+ @mn ) cocraBnennas U3 KOd(PUIMEHTOB CUCTEMEI (*),
bl
B=| 2
HA3bIBAECTCS MATPHUIIEH CUCTEMBI (€€ pa3Mep — mxn), a BEKTOP by (m-MepHBIN)-

CTOJIOLIOM (BEKTOPOM) CBOOOAHBIX UJI€HOB. MaTpuiy Buaa

ajp Gy .. A (b
a a w. dn,|b
(A\B] = 21 22 2n (Y2
Am1 Am2 Umn bm 2 % %
HA3bIBAKOT paCH_II/IpCHHOI/I ManI/II_IeI/I CUCTCMBI ( )

JIro6oii HabOp 3HAUEHHUI HEU3BECTHBIX *1° %2>+ Xn  0Gpa3yroIuX n-MEPHBIA BEKTOP
X

X = 2 =(x1,x2,...,xn)T
Xn , ABJIIETCS pEUICHUEM CUCTEMBI (*), €Clii 3TH uncia

YAOBJIETBOPSIIOT BCEM YPaBHEHUSIM CUCTEMBI (T.€. MPEBPAIIAOT UX B TOXKIECTBA).

OYeBUHO, YTO b, =a;x; +a;>x, +...+a;,x

nTIpU KaxaoM i=1,2,...,m (i-e ypaBHEHHE
MPECTaBIACT COOOM CKANIPHOE MPOU3BEICHUE i-1f CTPOKU MaTPUIIBI CUCTEMBI Ha

BekTOop X), U (*) MOKHO Mepenucarth B BUJIE



AX =B (+%)

3anuck (**) Ha3pIBaeTCA "MaTpUUHOM (BEKTOPHOM) (opMoii 3amucu” cuctemsl (*).

Ilpumep 1. Beimucath MaTpuily K03¢GOHUITMEHTOB U CTOJI0CI] CBOOOIHBIX YJICHOB IS

6x; —3xy +2x3 —4x, =7

CHAV 4X]—X2 +X3 +3X4 =10 )

B o, L 5

A=|6 -3 2 —4| B=|7

Pewenue. O4eBUIHO, YTO 4 -1.1 3 ) 10
3 4 =20 2

A=|1 7 0O 8 B=|—-4

o
|
N
w
wul
o)

Ilpumep 2. 3anucate CJIAY, ecin ,

Pewenue. BBenem B paccMoTpeHHE BEKTOp X M C KaXKIBIM CTOJIOIIOM MBICJIEHHO
COIIOCTaBMM HEU3BECTHOE: C MEPBBIM CTOJIOLOM - X1, CO BTOPBIM - X2, ¢ TPETHHM -

X3 , C UCTBCPTHIM - X4 . OKOHYATEIHHO Hy’>XKHasd CUCTCMA JIMHEMHBIX anre6pqueCKI/Ix

YpaBHEHUI UMEET BUJ

X +7xy +8xy=—4

Knaccughuxayus cucmem nunetinvix ancedpauyeckux ypasrenuti. OnpeaeneHuss 1 OCHOBHbIE
teopeMmbl. Eciiu CJIAY (*) umeer X0oTs Obl OJJHO pellieHue, OHA HA3bIBAECTCSA COBMECMHOU
(COOTBETCTBEHHO, CHCTEMa HecoeMecmHuas, €Ciii OHa BooOI1e He uMeeT perieHuit). CoBMecTHas
cucreMa (*) Ha3BIBACTCS onpedesieHHOl, €CIIA OHA UMEET €IMHCTBEHHOE PeIlIeHne, U
HeonpeoeenHOl, €CIIH UMeeT 00JIee OJTHOTO pelIeHHs (B MOCIIEAHEM cllyyae y Hee OECKOHEUHO
MHOTO peIIeHUN).



Martpuiry cucteMsl (*) Oynem Ha3bIBaTh npusedenHotl (a caMmy CUCTEMY KAHOHUYeCKOll), €CITU B

o .. . o= )
KaXJI0# i-1 cTpoke (i=1,2,...,m) €CTh DJIEMEHT & , @ BCE OCTAJIbHBIC AJIEMEHTHI j-20 CTOOIA

paBHBI HYyIt0. Takue 371eMeHThI (M COOTBETCTBYIONINE UM HEU3BECTHEIE) Oy/1eM Ha3bIBATh
6edyuuMu, a OCTaBILINECS HEU3BECTHBIE HA30BEM C8000OHBIMU.

Teopema 1 (Kponekepa-Kanennu). CJIAY (*) coBMecTHa TOTJa ¥ TOJIBKO TOT/a, KOT/Ia PaHT
MaTPUIIbl CHCTEMbBI COBITAIAET C PAHTOM €€ PACIIUPEHHON MATPHIIBI, T.€ BBIITOJIHSICTCS

pasencrao 7 (A) = r(AB)

=r(A)

I[J'ISI COBMECTHOM CHUCTEMBI YUCIO © = r‘(AIB) HAa30BEM PAHI'OM CUCTEMBEI.

Teopema 2 (o konuuecmse pewenuti). [lycte CJIAY (*) coBmectHa. Eciu ee panr paBeH uuciy
nemsecTHbIX (| = ), To crcTeMa SBIACTCS OMpPEEICHHOI; €CIN PAHT CUCTEMBI MEHBIIIE YHCIIA

nemssecTHbIX (I <M), To mcxomHas cucTeMa — HEONPEIeICHHAS.

HeonpeneneHHaﬁ CHUCTEMA, KaK OBLIO OTMCUYCHO, UMCCT 0ECKOHEYHOE MHOKECTBO peHleHHﬁ.

COBOKYHHOCTB BCECX peH_ICHI/Iﬁ Ha3bIBACTCsA 051/1414.7!/! peutenuem cucnemol.

Aneopumm memooa I'aycca. llenb paccykIeHUN — MyTeM 3JeMEHTapHBIX MpeoOpazoBaHUit
CBECTHU UCXOJHYIO CUCTEMY K PaBHOCUJILHOM, pelIeHne KOTOPOH MOYKHO BBITTUCATH
HernocpeacTBeHHO. OCHOBHBIMU IIaraMH MeTojia ['aycca sBISIOTCS Cleayolue.

L. IIpamotui xo0. Beimycats paclIMpEeHHYIO MAaTPUILy CUCTEMBI, TyTEM 3JI€MEHTapHBIX
npeoOpa3oBaHuil CBECTH €€ K SKBUBAJIEHTHOM CTYIIEHYaTON U ONPEAETUTh PAHTH MaTPUILIbI U
pacIIMpeHHON MaTpULbI cUCTEMBI. ECIIM OHM pa3iuyHbl, TO HCXOJHAs CUCTEMA HECOBMECTHA,

r(A) = r(A|

T.€. HE UMeeT peleHui. Ecian B) |10 mepexomm K CIeyIomeMy TaIty.

II. CpaBHUTH paHT CUCTEMBI U YHCIIO HEU3BECTHBIX, CACNATh BHIBOJ] O KOJIMUYECTBE PEIICHHUIA,
YYHUTHIBASI TEOPEMY 2.

1. O6pamusiii x00. CTyneH4aTyro MaTpUIly IpeoOpa30BaTh K SKBUBAJIICHTHOH el MpUBEIEHHOM.
OnpenenuTtb, KaKMe HEU3BECTHBIE SIBISIFOTCS BEAYIIMMHU, KaKHEe — CBOOOHBIMHU.

IV. Beinucats o nojyueHHOM MaTpHIle CUCTEMY, 3allucaTh OTBET (BBIPa3uB, B Cllydae
HEOIPeIeIEHHON CUCTEMBI, BEYIIHE HIEMEHTHI uepe3 CBOOOIHBIE ISl TOCTPOCHUS 00ILEro
pelieHus).

2X1 _X2 _X3 =4
3x, +4x, —2x5 =11

Hpumep 3. Pemmrs CJIAY (3% = 2%, +4x3 =11

Pewenue. Tlpeobpazyem pactimpeHHYI0 MAaTPHUILy CUCTEMBI:



2 —1 —1|a ComCoyrace, 2 -1 —1| 4

(AB)=|3 4 —2[11 Ca=Cz—2C) 11 0 —6/27 |—
3 —2 4 |11 —1 O 6| 3

2 —1 —1| a (2 -1 —1| a

C3=C3+Co 11 O —e6l27 C3=C3/10 11 0 —6/27

10 O o |30 Ll o) o| 3

HOCJICI[HSISI MaTtpuna — CTyncH4daras. BGI[YH_II/IMI/I HEU3BCCTHBIMU JI51 HEC ABIAIOTCA

X2 B epBo#i CTpOKe, X3 BO BTOPOii U X1 B TpeTheit. OYeBHUIHO, YTO CHCTEMA
COBMECTHA U e paHr paseH 3: T(AIB) =r(A) =3=r [[ockoibKy YHCIO HEH3BECTHBIX
TaK)Ke PaBHO 3, HCXOIHASI CHCTEMA SIBJISIETCSI OIPEICIICHHOM.

[Tepexoaum k mpoBeeHUIO peoOpazoBaHuil o ooOpaTHOMYy MeToay [aycca (Tenepb
HeoOXxoauMo noiyuyaTh Hyu HAJl BenymumMu aneMeHTamu).

2 -1 -1 4W Cy=Cp,—-11C; (0 —1 —1]-2

11 0 —g|27 &=%172C3 g o0 —6l—6 |
1 0 o0]3 1 0 o023
c,=C;-C,/6 [0 —1 0f-1
C2=-C>/6  Jo o0 1|1

1 0o o3
X1:3

Teneps cocTaBisieM MO MOCIEIHEN MATPULIE CUCTEMY U BBIIIMCHIBAEM
3HAYEHUS HEU3BECTHBIX B MOPAAKE UX HOMEPOB: X=(3;1; I)T. DTO U €CTh OTBET.

6x; +8x; +2x3 +5x, =7

Ilpumep 4. JIna CJIAY 10% +12 +3% +10% =16 Loiirn oO11ee 1 1Ba 4aCTHBIX
peIIeHHUS.

Pewenue. IlpuBenem paClIMpEeHHYI0 MATPUILy CUCTEMBI K CTYTIEHYATOM.

3 4 1 23) Cy=Cy—2C; (3 4 1 23
(AB)=| 6 8 2 5|7 =524 y0 0 0 11 |—>
10 1231016J L10047
3 4 1 23
— 2% 1 0 0 47
0 0 0 11




OueBuno, uto "(AB)=r(A)=3=r yycno HeW3BECTHBIX N=4 U B COOTBETCTBHUH C
TEOpeEMOH 6.2 MCXO/IHASI CUCTEMA SABJISIETCS HEOIIPEAEIEHHOM. Benyume
HEHM3BECTHBIE: 3 B IEPBOM CTPOKE, X1 BO BTOPOH, X4 B TpeTheit. CBOOOAHOE

Heu3BecTHOE - X2, OGpaTHBIM X0I0M Peodpa3yeM MaTPHILy K IPUBEACHHOMY BUILY:

ST o, 410 04108

R e B I Y N

000 11 000 1 000 11

BrinuceiBaem IMMOJIYYCHHYIO CUCTEMY U BCAYIIUC HCU3BCCTHLIC BbIPAXKACM HCPEC3
=3 = X, =3

CBOOOTHBIE: . OGmiee perieHue 3aMMChIBaEM B TIOPSJIKE

X052(3; Xy; —8—4x,; l)T

HyMEpaIi HEU3BECTHBIX: , %2 - 11000€ BEIIECTBEHHOE

YHUCJIO.

YacTtHOE PCUICHUC MOKHO ITOJIYUUTb, CCJIN ITPUAATDH CBO60,[[HOMy HCU3BCCTHOMY X2

— — (2.n-_a.4\T
KOHKPETHOE YHCIIOBOE 3HaueHue. Hanpumep, mpu *2 = 0 X, =(3;0;-8:)

x; =-1 X, =(3-1L—4;1)"

, a TIpA

Teopema Kpamepa. PaccMOTpUM «KBaJpaTHYIO» CUCTEMY JIMHEHHBIX YPAaBHEHUIN

(4MCT0 HEU3BECTHBIX COBMAJACT C YUCIIOM yPaBHEHHI) BHIa

ap1X) HapXxy +..+ appX, =by
Ay X +A99Xy +...+ Ay X, =by

anlxl +an2X2 +..+ annxn =5 bn . (*)

Teopema 3 (meopema Kpamepa). Ecnm onipeaenutens MaTPUIIBI CUCTEMBI (*) oTiimueH

oT HyJA ( | A0 ), TO JaHHAs CUCTEMa UMEET €IMHCTBEHHOE PEIICHUE, TPUIEeM

3HAYEHHUS HEU3BECTHBIX HAXOATCS MO GPopMyiam



| Al;_

Tac OIPCACINTCIIb MaTPHIIbI, HOHy‘lGHHOfI 5 HCXOI[HOﬁ MaTpulbl CUCTCMBI

MyTEeM 3aMEHBI i-20 CTOJIONA Ha CTOJI0€1] CBOOOHBIX UJICHOB.

3x; +4x, —2x5 =11

Ilpumep 5. Pemints cucremy metozioM Kpamepa.

Pewienue. BeinucsiBaeM A - MaTpuUlly CUCTEMBI U B - cTos0ern; CBOOOJHBIX YICHOB:

2 -1 -1 4

A=|3 4 -2| B=|11
3 —2 4 , 11} Jlanee BbIUMCIIAEM ONPEACTUTEIN:
2 -1 -1

|A| = 4 —2[=20106—4)—(—1DA2+16)—1(—6—-12)=60=0
3 —2 4

4 -1 -1
A, =11 4 —2[=4(16—4)— (—1)(44 + 22) —1(—22 — 44) =180

11 -2 4 .
2 4 -1
|Al, =|3 11 —2{=2(44+22)-4(12+6) —1(33—33) =60
3 11 4 .
2
2 -1 4
|Al, =|3 4 11=2(44+ 22) — (—1)(33—33) + 4(—6—12) =60
3 -2 1
A, 180 [Al, _60 Al _ 60
X1=—=—= X2=—=—= X3=—=—=1
[To Teopeme Kpamepa Al 60 ; Al 60 ; Al 60 s

IMPOBCPKHU PC3YJIbTAaTa NOACTABUM ITOJTYUCHHBIC 3HAYCHUA HCU3BCCTHBIX B KAKI0C
YPaBHEHUE CUCTEMBI: 2'3—1—154, 33+41—21511’ 3-3-2-1+4-1=11_ Bce

ypaBHEHHS OOpPaTWIINCh B TOXKIECTBA, 3HAUUT, PEIICHNE HAHJICHO BEPHO.



ConepkaHue NpaKTHYECKON padoThI

3amanue 1. [1o pacmmpenHoi Mmarpuiie Beinucats CJIAY.

A]B 8 -2 5 6|4
2 0 4 115
3 41
A|B] 0 1|11
4 10|-3
3 -1 10 7|12
A|B] 3 -1 3 4|3
-7 4 0 0 -10

1 -2 -3 4{5
(AB]=|2 -1 4 71
0 8 6 86
4)
3amanue 2. Pemnth cuctemsl ypaBHeHUN MeTogoM Kpamepa u merogom [aycca.

1) Xl "2X2 +X3 :1

3x; + X, +3x3=2
5x; —2x, +2x5 =1
2) 2X1 + 2X2 +3X3 =1

A

3) Xl +3X2 +4X3 :].

X1 —Xp +3X3 =9
- 2X1 + 3X2 - 4X3 = _16
4) X] +6X3:].3

3ananme 3. Pemmute CJIAY (B citydyae HeonpeneIeHHOW CUCTEMbI BBITUCHIBATH O0IIIEe
Y JIBa JTIOOBIX YaCTHBIX PEIICHHUS).



1 X +3x, —x3=4
1) _X1+4X3:6

1 X3 +3x, —x3=4

2) *Xl+4X3=4

Xl _X2 _X3 =1
1= 3%, +4x, +4x5=-2

3) 2X1 + 2X2 + BXB :10

X +3x, —x3=4

4) —2X1 —X2 +8X3 :20

[TpakTuueckas pabota Ne9
Tema: KoMmIeKCHBIE YHCJIA U JAeliCTBUSA ¢ HUMH.

Heab: chopMupoBaTh YMEHHE BBITIOJHATH apU(PMETHISCKUE JCHCTBHS C

KOMIUIEKCHBIMH YUCJIAMHU.
Teopernueckue cBeeHHs K NPAKTHYECKOU padore

Komnnexcnoe yucio — 310 BBIPpAXXCHHC BHUAA
z=x+ly (1.1)

TJIE X, y — BEIIECTBEHHbIE YNCNa, a | = ~—1— ynumasn eounuya. Tleppoe u3
BEIIIECTBECHHBIX YHCEI, X, HA3bIBACTCS elyeCmE8eHHOl (0elicm8umenbHoll) 4Yacmoio
KOMIIIEKCHOTO uKcia (Menonb3yercs o0osHauenne X = Rez): gropoe, y, - murumotl
yacmoio (¥ =1M2) Bripaxenue (1.1) HaspIBAIOT aneebpauqeckoli hopmoii 3anucu
KOMNJIEKCHO20 YUCIA.

YucinoM, conpsrcennvim X £ =X+V | gaspiearor uncno Buga Z =X~ Mcnomis3ys
bopMyiTy pa3HOCTH KBaJpaToOB, MOJIy4aeM, UTo ##= x* +y*  MoxHo J10Ka3aThb, 4TO
KOPHSIMU KB/IPATHOTO YPAaBHEHHUS C OTPHULIATEIIBHBIM JIUCKPUMHHAHTOM SIBJISIFOTCS
JIBa COTPSDKCHHBIX KOMITJICKCHBIX YHCIIA.



Ipumep 1. Pemnts ypaBHeHue X° —6x+18=0,

=— [ — N - = == e ——
Pewenue. JJTACKPUMHHAHT JaHHOTO ypapHenus: D = (=6)" —4-1-18=36-72=-36
MEHbIIIE HYJIS, HO TEeIEePh Mbl MOXEM BOCIOJIB30BATHCSI MHUMOW €TUHUIICH:

_6%y-36 6%+/36-V-1 616
2

5 2 e %=3+3, x,=3-3i

X1,2

CripaBeIuBbI CIIEYIOIIUE NPABUIA APUPDMEMUUecKux Oeticmeuli Had KOMNIEKCHbIMU
wucnamu H =X Ty L =X ;.

4 Tz, =(q+iy) (g +iy)=(xLx)+ily Ly 2)(ocy1ueCTBJ1;IeTCH CJIO’KEHHE WIH
BLIYMTAHHUE AIreOPandECKUX JBYUWIEHOB U IPUBEAECHHE MOI00HBIX);

2) A= (% +iy1) (X +1y2) = (XX = yry2) +i(xyy + X0 01) (ocylecTBIseTCs
NIEPEMHOYKCHHE aJIreOpandecKuX JBYWICHOB U IIPUBEICHUE MOA00HBIX C YUETOM
TOrO, uTo i° =—1);

Z _ 22, _ (a3 —iy,) _ (X + YY) Xy — X1 Y5)

3) 22 ZaZy (X H+iyp)(X, —lyy) X5+ Y (3Ta omeparnys BO3MOXKHA
2, #0+i0=0y

TOJIBKO B ClIy4aec, Korjia

2—7i
e _
Ipumep 2. Borancaute  3+40 g yka3aTh BEIIECTBEHHYIO H MHUMYIO YaCTH
MOJIY4YEHHOTO KOMILIEKCHOTO YHUCIIA.

Pewenue. HCfICTBySI B COOTBCTCTBHHU C IIPpABUIIAMHU ITIOJTyUaCM:

_2-7i (2-7i)(3-4i) 6-8i-21i+28i* 6-29i—28 -22-29i 22 29

"T374i (3+4i)(3-4i) 9-16i°  9+16 25 25 25

Rez=—£ Imz=—§

MOATOMY 25, 25,

Tpueonomempuuecxkas gpopma xomniexcroeo yucia. Kaxaomy komriekcHoMy uncity Buza (1.1)
MO>KHO IOCTaBUTh B COOTBETCTBHE TOUKY M(X;y) Ha I€KapTOBOMU MIIOCKOCTH (IIPH 3TOM Ha OCH

OX pacrosararorcst BEIeCTBEHHbIE yncna Z =X+ 10=x , aHa och OY — YUCTO MHUMBIE YUCIIA
z=0+iy=iy )

MO@yﬂeM KOMNJIEKCHOo20 4ucjia Ha30BEM IJIMHY OTPEC3Ka | OM | (I/IJ'II/I pacCcTodaHuC OT Havdalla

3 2 _
KOOPJMHAT 10 TOYKU M), T.€. lzEAx" +y7 AprymeHnToM KoMIuiekcHoro uucna ( ¥ = Argz )

Ha30BEM yToJI, KOTOphIii BekTop OM oGpasyeT ¢ mogoKuTeNbHBIM HarpasieHnem ocu OX.
[taBHOE 3HAYCHKE apryMeHTa, KOTOPOE, KaK MPaBHII0, HCTIONB3YETCS IPH OCYIIECTBICHUH



o o <
IefiCTBHI ¢ KOMILICKCHBIMU YHCIIAMH, YIOBIETBOPSET ycioBuio O =P <27

BBIPpAXXCHUC BUJA

. IIpu aTOM

z=z|(cose+ising) (1.2)
HA3BIBACTCS MPULOHOMEMPUUECKOU HOPMOTL 3aNUCU KOMNIEKCHO20 YUCA.
[Ipeobpazyem (1.1)

X +i Y
\/x2 +y? \/.xz +y?

z:x+iy:\fx2+y2

Y N S— Y
J2+y? P +y?

U, cpaBHMBas ¢ (1.2), mosydaem, 4TO apryMEHT z MOKHO HaWTH, PEIIUB CUCTEMY

X
COSQP=——- _ K

’x2+y2 cosqo—lzl
singo:L ¥

T sing=-"—
X2+y2 R0 2| (1.3.)

TIpumep 3. 3anucarh KOMIUIEKCHOE YUCIIO B TPUTOHOMETPHYECKOH popme Z=1—1 3 , yKasaTs

MOAYJb M apTYMEHT KOMIIJICKCHOT'O YUCJIa.

- 2 2 _
Pewenue. Tlo onpenenennto | Z=V1"+ (—V3)* =4 = 2 Jlns onpenenenus aprymeHra
p p prym

: — St
SIn@= > p=argz=—
BOCITOJIb3yeMcsl (hOPMYJIOi: . [Tosmywyaem, yTo 3,
Tpuronomerpuyeckas hopMa 3aJaHHOTO KOMIUJIEKCHOTO YHCIIa UMEET BUI:

57 .. b«w
Z=2| cos— +isin—
3 3 )

Boseseoenue 6 cmenenv u useneuenue KOpH@lZ. Ecan xoMmIiekcHoe 9ucio 3aJaHoO

TpUroHoMeTpHueckoil popmoit Z =1 21 (COSP+ISINP) 14 cnpapennusa popmyna Myaspa

z" = z|" (cosng +isinng) (1.4)

Jlns n3BneyeHus: KOpHA n-i cTeneHu (n — 1ey1oe Yucio, Oonpliee 1) U3 KOMIUIEKCHOTO YucIa,
3aJJaHHOTO B TPUT'OHOMETPHUECKON (hopMme, puMeHsieTcs GopMyIa, Jarolas n 3HaYeHUH 3TOro
KOPHSI:

Zy —%—M(COSLM—{-.{SiHEH—zk][-]
" no ) k=0,1,..,n-1.(1.5)

Hpunmep 4. Borancints: a) C1+D7: p) /-1



Pewenue. B 3ananuu a), 4ToObl BOCHIONB30BaThCs PopMyioit Myaspa, He00X01UMO
MPEJICTaBUTh KOMIUIEKCHOE YUCIIO B TPUTOHOMETpUdeckoi ¢popme. Mmeem:

|Z|:m:\/§; coswzfllﬁn sinw:l/ﬁ, T.C. @:3;3/4(,[31( KaK
COOTBCTCTBYIOIAA TOYKA JIC)KHUT BO BTOpOfI IIGTBG}Z)TI/I). CJIGI[OBaTeJ'IBHO,
—141i :\/E[COSB—E Fs I-SIHB—E] (71+ I‘)13 = f213£(:053‘137r +i51n313ﬂ'}

! + ® 4 (8 cuny (1.4)).

u

YuuteiBasg uto 4 4 ¥ UCTOJIb3ys CBOMCTBA TPUTOHOMETPUUECKUX
GyHKLIUNA, TOJTy4aeM:

1413 = By biini-Ty |= A il _ga—pai
(—1+10) —64\/§(C05( 4)+151n( 4)} 64\/5(JE lﬁ) 64 641.

B 3aganuu b) Tpuronomerpudeckas ¢popma 3aJaHHOTO YHCIIa UMEET BU]I
—1=cosz +isin7 (1z1=1), mostomy B cuiy (1.5)

3 7+2kzr .. T+2kxw n+2kxr .. w+2kx
Zx =Ji COS +1SIn =CO0s + 1511
3 ,k=0,1,2.

BrimuceiBaem TPHU UCKOMBIX KOPH:I:

.o 1 w8
Zyp=Co0S—+isin—=—+i—

3 3 2 2

T+ 27 . T+27 w
Z; =Cos 3 +1isin 3 =cosx+isinzr=-1

Coaep:xaHue NpakTHYeCKO padoThl

3ana}me 1. BBI‘-II/ICJ'II/ITB, BBIIINCATh BECIICCTBCHHYIO U MHUMYIO YaCTH IMOJTYYCHHBIX
KOMIIJIICKCHBIX YHCCII.

2+43i 6H_1+7i
1) @=3)-+DQi-1)9) 11 3y 2-3i

@+t Qs
4) 1-i 5) i—V3 ) 1+2i)'-3

7) Q=0 +i*

3aganme 2. 3anUIIATE OPEIIOKEHHBIE KOMIUIEKCHBIE YUCIIA B TPUTOHOMETPUYECKOM
opme: 1) =3i;2) 2+1;3) 3+3i; 4) 2—51‘5) 7+8i¢ 10-5i, 2—4i



3aganme 3. HailTu Bce KOpHU ypaBHEHUI:

1) X*+9=0;2) x*-3x+10=0;4) x* -2x+10=0; 5) x* +2x+10=0; ) x'~16=07)
X’ +100=0

[Ipaktuueckas pabora NelO

Tema: JieMeHTbI TEOPUH BEPOSTHOCTEN U MATEMATHYECKON CTATUCTHKM:
KJIacCHYeCcKoe onpeeieHue BePOATHOCTH COObITUS, opMyJia MOJTHOM
BEpPOSITHOCTH, popmyaa baiieca, popmyiia bepHy/uiu, TUCKPeTHAS CJIy4YaillHAsI

BCJINYHMHA U €€ YHC/IOBBIC XapPaKTCPUCTHKH.
He.]’lb: C(i)OpMI/IpOBaTB YMCHHUC PCUIATDH 3a1d9M HAa HAXOKIACHHUC BCpOSITHOCTeﬁ
Teopernueckne cBeieHUs K MPAKTUYeCKO# padoTe

Krnaccuueckoe onpeneneHie BEpOSTHOCTH

Paznen MaTEMAaTUKU, H3yanOIHHﬁ 3aKOHOMCPHOCTH CJ'Iy‘l&fIHBIX CO6BITPII>1, Ha3bIBACTCA Teopneﬁ

BEPOSITHOCTEM.

BepositHocThio P(A) cOOBITHSI A B UICTIBITAHUH ¢ PABHOBO3MOKHBIMU 3JIEMEHTAPHBIMU
MCXOJIaMH Ha3bIBAIOT OTHOIICHHE YHCIIa UCXOA0B M, OJIarompusTCTBYIOIIUX COOBITHIO A, K

quCJIyn BCEX NCXOA0B UCIIbITAHUS.
m

P(4) = —
n

Ilpumep 1: B maptun u3 30 mukcepoB 2 6pakoBaHHbIX. HaliTH BEpOSITHOCTh KYNUTH UCIIPaBHBIN

MUKCEP.
n=30,m=30-2=28

28 14
30 15

AKCHOMBI BEpOSITHOCTEN:



Kaxxmomy coObITHIO A TIOCTaBJIEHO B COOTBETCTBUE HEOTpHIIaTeibHOE Yrciio P(A), HazpiBaeMoe

BEPOSATHOCTHIO COOBITHS A.

Ecnu coGwitrst Ay, A; ... monapHo HecoBMeCTHBI, TO P(A+A,+...)=P(A)+P(Ay)+...
CBolicTBa BEpOSATHOCTEN:

BeposTHOCTE HEBO3MOXKHOTO COOBITHS paBHa HYJIO P=0.

BepostHocTh 1ocToBepHOro coObITHS paBHa enuHule P=1.

BeposiTHOCTE IPOM3BOIBHOIO Cily4aiiHOTO coObITHA A 3akitouaercs Mexxay 0 u 1: 0<P(A)<I1.

Ipumep 2: VI3 34 sx3aMeHAIIMOHHBIX OMIIETOB, IPOHYMEPOBAHHBIX C MOMOIIBIO YKCel OT 1 10
34, Haynauy u3Biekaercs oauH. KakoBa BEpOSITHOCTh, YTO HOMEP BBITSIHYTOTO OUJIeTa eCTh

YUCII0, KPpaTHOC TPEM.

Pewenue: Halinem konumdectBo yucen ot 1 10 34, kpaTHBIX TpeM. DTo uucia 3, 6, 9, 12, 15, 18,
11
p=—

21,24, 27, 30, 33. Bcero Takux umcen 11. Takum o6pa3oM, HCKOMasi BEpOSITHOCTh 34

CoObiTust A 1 B Ha3bpIBatOTCSI COBMECTHBIMH, €CJIM OHM MOTYT OJJHOBPEMEHHO MTPOU30NTH, U

HECOBMCCTHBIMU, €CJIN ITPHU OCYHICCTBJICHUH OJJHOT'O COOBITHS HE MOXKET HpOI/ISOﬁTI/I Apyroec.

CoObiTust A u B Ha3pIBaroTCs HE3aBUCUMBIMH, €CJIN BEPOATHOCTD HACTYIIJICHUS OJHOTO COOBITHS

HEC 3aBUCHUT OT TOI'O, IIPONU3O0ULIIO APYTroc COOBITHE WU HET.

BCPOHTHOCTB CYMMEI JIBYX COBMECTHBIX COOBITHI paBHa CYMMC BCPOHTHOCTGI‘;I ciaracMbIX 0e3

BeposaTHOCTH npousBeaeHus: P(A+B)=P(A)+P(B)-P(AB)

Ilpumep 3: BeposTHOCTh nopaxeHnus onHo mumienu — 0,7, a gpyroit — 0,8. Kakosa
BEPOSATHOCTb, YTO OYAET MOopaXkeHa XOTsI Obl OJHA MUIIICHB, €CITH 110 HUM CTPEISIOT HE3aBUCUMO

JIPYT OT /IpyTa.

Pewenue: T.X. COOBITHS COBMECTHBI, TO P = 0,7+0,8-0,7-0,8=1,5-0,56=0,94

BGPOHTHOCTB CYMMEBI IBYX HCCOBMCCTHBIX COOBITHI paBHa CyMMC BepOHTHOCTCﬁ cl1araCMbIX:

P(A+B)=P(A)+P(B).

P(A)+P(4)=1



VYcnoBHas BEPOATHOCTH — BEPOATHOCTh OJHOTO COOBITHS, IPU YCIOBUH, YTO JPYTroe cOObITHE

y’Ke IPOU30ILIO.

BepOHTHOCTB IIPONU3BCACHUA coObiTHi A 1 B paBHa IMMPOU3BCACHUIO BEPOATHOCTH OJHOI'O U3 HUX

Ha YCJIIOBHYIO BeposATHOCTH Jipyroro: P(AB)=P(A)-P(A/B) unu P(BA)=P(A)-P(B/A)

BepostHocTh npou3BeieHHsl IBYX HE3aBUCUMBIX COObITHI A 1 B paBHa Mpou3BeACHUIO

BeposiTHOCcTel comHoxuTenei: P(AB)=P(A)-P(B).

Ilpumep 4: B n1Byx KopoOKax JiexaT py4KH pa3HOTo I1BeTa. B repBoii kopoOke — 4 KpacHBIX U 6
YEepHBIX, BO BTOPOH — 3 KPaCHBIX, 5 CHHHX U 2 YepHBIX. 3 00enx KOpoOOK BEIHUMAIOT 110 OJHOM
pyuku. Haiftu BeposSITHOCTB, 4TO 00€ pPYyUYKH KpacHbIE.

Pewenue: Halinem BeposSTHOCTH BBITAIUTH KPACHYIO PYUKY U3 KaXKI0M KOPOOKH

n, =10
m =4

_ 4
Py 10
n, =10
m, =3

_ 3
P E

P=p Py === ,12

Toraa BeposITHOCTh TOTO, YTO 00€ PYyUYKH KpacHbIE: 10 10 100

llonnas eeposmuocmo. @opmyna baueca
Ecnu coObiTHe A MOXKET MPOU30UTH TOJIBKO MPH BHITIOJHEHUHU OJTHOTO U3 COOBITUI

Hi, Hy, ..., KoTOpBIE 00pa3yIOT NOJHYIO TPYIITY HECOBMECTHBIX COOBITHI, TO
BEPOSITHOCTH COOBITHSI A BBIYHCIIACTCA 1O OopMyIie

p(A)=p(H,)-p(A/H,)+p(H,) -p(A/H,)+p(H,) p(A/H,) +...
Ota popmyia Ha3bIBaeTCsa (HOPMYJIIOi MOTHONU BEPOSITHOCTH.

Ecnu BBIONHSIOTCS BCE YCIOBUS, UMEIOIINE MECTO JJI (POPMYJIBI TTOJTHOM

BEPOSITHOCTH, U P(A)#0 1o ppmonnsercs paBeHCTBO, Ha3bIBaeMoe (HopMyJIIOif
batieca:

p(A)



IIpumep I: B nepBoit maptuu 20 nami, Bo BTopoit — 30 jtamm u B Tpetbeit — 50 nami.
BepositHOCTH TOTO, 4TO MpOpabOTaAET 3aJaHHOE BpEeMs, paBHA JJ1s iepBoi naptuu 0,7, ms
BTOpoil — 0,8 u 1t Tpetbelt naptun — 0,9. KakoBa BEpOSITHOCTB TOTO, UTO HAayAauy B3sTas
JamIiia mpopaboTaet 3a1aHHoe BpeMs? HaliTu BeposSTHOCTb, UTO 3Ta JIaMIla IPUHAAJICKUT
nepBoi naptun?

Pewenue: Tlyctb coObiTHE A — Haygauy B3sTast JamIia IpopaboTaeT 3aJJaHHOE BPEMS.
Torpa, mycts H; — tamna u3 nepsoit naptuu, Hy — namna u3 Bropoit naptuu u Hs — tammna us
TpeThel nmapTuu. Torma coosiTue A/H; — mammna u3 nepBoil mapTum npopadoTaeT 3aJaHHOe

Bpems, A/H, — namma u3 BTOpoii maptun npopadoTaer 3aganHoe Bpems u A/Hs — nammna u3
TpeTbell mapTun npopabdoTaer 3aganHoe BpeMs. Haiinem BeposTHOCTH

n=20+30+50=100

20
H)=——=0,2
p(H,) e

30
H)=—"-=0,3
p(H,) 0

50
H.)=—=0,5
p(H,) T
p(A/H,)=0,7
p(A/H,)=0,8
p(A/H,)=0,9

p(A)=p(H,)-p(A/H,)+p(H,) p(A/H,)+p(H,) - p(A/H,) =
=0,2-0,7+0,3-0,8+0,5-0,9=0,14+0,24+0,45 = 0,83

Teneps, ucnonb3ys popmyiny baiieca Haliiem BEpOsSTHOCT TOTO, UTO 3Ta JiaMIia
IIPUHAJICKUT [1IEPBOU TAaPTUH

p(H,)-p(A/H,) _ 0,2-0,7
p(A) 0,83

p(H,/A)= ~ 0,169

Ipumep 2: merotes 3 oquHaKoBbIle ypHBL. B nepBoii ypHe HaxoAsTcst 5 6enbIX U 7 4epHBIX
I1apOB, BO BTOPOH — TOJIBLKO Oelible U B TPEThel — TOJIbKO YepHble. Hayran BeIOupatoTcs ypHa U
13 Hee U3BJIEKaeTcs ofuH 1ap. KakoBa BepOSTHOCTB, YTO ATOT mIap OebIii?

Pewenue: Tlyctb coObiTHE A — U3BIEKaeTCs OEIbIN 1Iap.
Torpa, mycts H; — map u3 nepsoit ypHsl, H, — map u3 Bropoit ypHel 1 Hs — 1map u3 tpersen

ypHbl. Toraa coositue A/H; — 6enbiii map u3 nepoit ypHsl, A/H, — 6enblif map u3 BTOpoi ypHbI
u A/Hjz — 6enblit map u3 TpeThei ypHbl. Haiinem BeposiTHOCTH



_3
p(H,)= 3
1
p(Hz)_E
3
p(H;)= 2
5
p(A/ H1)—E
p(A/H,)=1
P(A/H;)=0

p(A)=p(H,)-p(A/H,)+p(H,) -p(A/H,)+p(H,) - p(A/H,) =
15,1, 1,-5.1.17

312 3 3 36 3 36
®opwmyia bepHymum

1. BeposATHOCTH TOT0, YTO COOBITHE A HACTYIUT POBHO M pa3 MpU IPOBEICHUH N
HE3aBUCUMBIX UCTIBITAHUN, KK/IBII U3 KOTOPBIX UMEET POBHO JIBA KCXOa BBIUMCIISETCS

Ilpumep I: BeposTHOCTH BBIMTPHILIA 10 OJHOMY JIOTepeliHoMy Ouiety paBHa 0,2. Haiitu
BEPOSITHOCTb, YTO U3 6 MPHOOPETCHHBIX OMIIETOB 2 OKaXYTCSI BBIMTPBILITHBIMH.

Pewenue:

p=0,2
n==6
m=2

|
P (m)=C" p"(1- p)"" =C?0,2°(1-0,2)* > = %-0, 04-0,8* =~ 0,246

2. BeposTHOCTb HACTYIJICHUS COOBITUS A XOTs Obl OAMH pa3 IpU MPOBEACHUH N
HE3aBHCHUMBIX UCIIBITAHUH, YAOBIETBOPSAIOINX cxeMe bepHymu, paBHa
i n —_
P (m=21)=1-q",q=1-p

Ipumep 2: TIpuOop COCTOUT M3 ILECTH IIEMEHTOB, pabOTAIOLIMX HE3aBUCUMO JPYT OT Jpyra. BeposTHOCTh 0e30TKa3HOM pabOThI KaXKI0TO

JJIeMeHTa 3a onpeneneHHoe BpeMs pasna 0,6. s 6e30Tka3HOM paboThI MpHOOpa HE0OX0IMMO, YTOOB! XOTs OBl OJMH DIEMEHT ObUT HCIIPABEH.

KakoBa BeposITHOCTb, UTO 3a JaHHOE Bpems nprOop Oyaer paborate 6e30TKa3HO?

Pewenue:

p=0,6= g=0,4
n==6
mz=1

P.(m>1)=1-0,4° = 0,9959



3. BeposTHOCTh HACTYIUIEHUS COOBITHS A XOTs Obl OMH pa3 MPU MPOBEICHUU N
HE3aBUCHMBIX HCIIBITAHUMN, YAOBIETBOPSIOIIUX CXeMe bepHyIIH, HACTYIIUT HE
MeHee m; U He OoJsiee m, pa3 BeIYUCIAETCS 10 hopMyie

P(m, <m<m,)=Y B

m

Ilpumep 3: HaliTu BepOATHOCTB OCYIIECTBICHUS OT ABYX JO YETHIPEX Pa3srOBOPOB IO Tele(oHy IPH HAOMIOACHHH MATH

HE3aBHCUMBIX BBI30BOB, €CIIM BEPOATHOCTH TOTO, YTO Pa3sroBOp COCTOMTCS, paBHa 0,7.
Pewenue:

p=0,7

n=>5

2<m<4

P(2<m<4)=C:-0,7°(1-0,7)"*+C.-0,7°(1-0,7)"° +C¢:-0,7*(1-0,7)"* = 0,801

4. HauBeposiTHellIlIee 3HaYCHUE My YKCIa HACTYIJICHUS COOBITUS A MpU IPOBEACHUH N
HOBTOPHBIX HE3aBUCUMBIX UCIBITAHUN, YAOBIETBOPSIOIUX cxeMe beprysin,
np—q<m,<np+p

S |y [ < <
BBIYHCIISIETCS IO (popmyiie np (1 P ) Sm,snp+p

Ipumep 4: Maraszun nonyuun 50 geraneir. BeposTHOCTh HAIMUMS HECTAHIAPTHOM JIETaIu B
naptuu paBHa 0,05. Haiitu Hanbosee BeposATHOE YUCIIO HECTAHAPTHBIX JeTalieil B MapTHH.

Pewenue:

p=0,05

n=50

mM—7

q=1-p=1-0,05=0,95
50-0,05-0,95<m, <50-0,05+0,05
1.55<m; 52,55

m, =2
JluckpeTHas cily4yailHas BEIMYMHA U €€ YACIOBBIE XapAKTEPUCTUKU

y - X=flaw)
CJ'Iy‘-IaI/IHaSI BeJIUUMHA X — 3TO YUCIOBas (I)YHKI_II/DI , OMPCACIICHHAA HAa IPOCTPAHCTBE

3IIEMEHTapHbIX cOObITUH. CydaliHble BETMYMHBI, UMEIOIINE CUETHBIE MHOKECTBA BO3MOKHBIX
3HAYEHMM, Ha3bIBAKOTCSA JUCKPETHBIMU. J[MCKpEeTHAs CilydailHasi BEIUYMHA ONPEEIIeHA, €CIU
M3BECTHBI BCE €€ 3HaYEHUS U COOTBETCTBYIOIINE UM BEPOATHOCTH. COOTHOIIEHUE MEXIY
BO3MOJKHBIMH 3HAYEHHUSMH CIY9aHOW BEJIMYMHBI U COOTBETCTBYIOIIMMHU UM BEPOSTHOCTAMU
Ha3bIBAIOT PACIPEAEICHUEM BEPOATHOCTEN CIydaliHON BEIUYUHBL. [JIs1 TUCKPETHOU ClIy4allHON

ipizl

BEJINYMHBI 3TO COOTBETCTBUE MOJKET OBITH 3alIMCAHO B BUAE TAOMULILL: i=1



X1

X2

Pi
P1

p2

Pn

MaremaTHuecKUM 0’KUJaHUEM (CPEIHUM 3HAYEHUEM) JUCKPETHOM CllydallHOM BETUYUHBI X
Ha3bIBAIOT CYMMY IPOM3BEJCHHI BCEX €€ BO3MOXHBIX 3HAYEHHUI HA COOTBETCTBYIOLIUE UM

M (X) = i X; D;
i=1

BEPOSITHOCTH

Jucnepcuen TUCKPETHOM CIIy4yalHOW BEIUYMHBI X HA3bIBAIOT MATEMATUUECKOE 0KUIAHNE
KBaJlpaTa OTKJIIOHEHHS CIIy4YalHOW BEJIMYUHBI OT €€ MAaTEMATHYECKOTO OKUTaHUS

_ 2
D(X)=M(X-M(X))" Jucrniepcust AUCKPETHOM CIIy4aiiHOM BEJIMYUHBI BBIUYUCIISAETCS 110
bopmymnam:

n

D(X) :Z(X:‘ _m]zpj

D(X) =M (X*)—(M(X))*

CpenHuM KBaJpaTUYHBIM OTKJIOHEHHEM JUCKPETHOMN CIy4allHOW BEIMYMHBI HA3bIBAIOT KOPEHb
KBaJpaTHbIM U3 JUCIIEPCUU o(X) =y D(X) .

ECJII/I cnyqaﬁHaﬂ BCIIMYHUHA X HUMECT 6I/IHOMI/IaJ'ILHOC paCl'Ipe,Z[CJ'IeHI/Ie Bepo&lTHOCTCfI, TO
M(X)=np D(X)=npq

Ilpumep 1: Cnydaiinas BenuurHa X 3a7aHa Tabiuuel pacrpeneiaeHus sepositHocTeil. Halitu
M(X), D(X), o(X).

Xi



9
Pi
0,1
0,4
0,3
0,2
Pewenue:

M(X):2-0,1+5—0,4+8.0’3+9.0’2:0,2+2+2,4+1,8:6,4
M(X?)=4-0,1425-0,4+64-0,3+81-0,2=45,8
D(X) = 45,8-6,4° = 4,84

o(X)=+/D(X)=/4,84=2,2
Ilpumep 2: HaiiTn MaTeMaTHYECKOE OKUJIAHUE U TUCIIEPCUIO YHCIIA JIOTEPEHHBIX

OWIeTOB, HA KOTOPBIE BBIMIAAYT BBIUTPHIIIH, eciu nmpruodpereHo 100 6mieros, a
BEPOSITHOCTh BBIMTPHIIIA HA KA/l OuseT paBHa 0,05.

Pewenue:

M (X)=100-0,05=5
D(X)=100-0,05-0,95=4,75

o(X)=+/D(X) =/4,75=2,18

Conep:kaHue NpakTUYECKO padoThI

33}13HI/I€ 1. I/ICHOJ'IL3y$I KJIACCUYCCKOC OMMPECACIICHUEC BCPOATHOCTH CO6LITI/IH, PCIINTDH

CJICAYIOIUC 3aiavun:

1. B xopoOke 4 KpacHBIX, 5 3€JIE€HBIX, 8 JKeNThIX, 7 OenbIxX U 1 uepHslii map. Haiitu BeposTHOCTB
BBITALLUTh: KPaCHBIH I1ap; CHHUM I1ap; Oesblif map; LBETHOM 11ap; WK 3€JIEHbIN WK Oemblii
I1ap; He KPacHBIN IIap; 1ap 0JHOTO U3 IIBETOB CBETO(OPA.



2. B cembe — nBoe aereil. KakoBa BEpOsITHOCTD, UTO CTapIIMK PeOCHOK — EBOYKA, €CIIU
U3BECTHO, YTO B CEMbE €CTh JETU 000€ero nomia’?

3. Mactep, umes 10 aeraneit, u3 KOTOpbIX 4 — HECTAaHAAPTHBIX, MPOBEPAET JACTAIH OJIHY 3a
JIPYroii, MoKa eMy He nmonajaercs cranaaptHas. KakoBa BeposiTHOCTb, YTO OH ITPOBEPUT POBHO
JIBE eTaau’?

4. B onHOM situke 3 OeNbIX B 7 YePHBIX IIApOB, B IPYTrOM SIIHKE — 6 OEIbIX U 8 YepHBIX I1apa.
HaiiTu BeposSTHOCTB TOTO, YTO XOTsI OBl U3 OJTHOTO SIIUKA OyJET BRIHYT OBl IIap, €CIu U3
KaXKIO0T0 SAIIMKa BEIHYTO [0 OJHOMY LIapy.

5. U3parenbcTBO OTHPABUIIO Ta3€Thl B TPU MOYTOBBIX OTJEICHUS. BeposiTHOCTh CBOEBPEMEHHOM
JIOCTaBKHU raseT B nepBoe oTaeneHue pasHa 0,9, Bo Bropoe - 0,7, B Tpetbe - 0,85. Haittu
BEPOSTHOCTH CIETYIOINX COOBITHI:

a) TOJIBKO OJIHO OTJEJIEHUE TIOJYyYUT ra3eThl BOBPEMS;
0) XOTs1 OBI OJTHO OTJIEIIEHHUE MOYYHT T'a3eThl C OTO3JAHUEM.

6. B nepBoii ypHe HaxoasTcs 12 6enbix 1 4 4epHBIX MIapoB, a BO BTOPoi 5 Oenbix u 10 yepHbIx
mapoB. U3 kax a0 ypHBI BEIHYIH 110 11apy. KakoBa BEpOSTHOCTH TOTO, 4TO 00a 11apa OKaKyTCs
yepHbiMU? KakoBa BEepOsSTHOCTB, UTO 00a 11apa OKaxyTcst 6enpimMu?

7. B maptuu u3 25 ngeraneit HaxoasTcsa 8§ OpakoBaHHBIX. BBIHUMAIOT U3 MapTUX HayJa4dy JIBE
netany. OnpenennTh, KakoBa BEPOSATHOCTh TOTO, YTO 00€ JETau OKKYTCSI OpaKOBaHHBIMHU.

8. [logOporieHs! 1B UTpaTbHbIC KOCTH. HaliTH BEpOSTHOCTH COOBITHS A TOTO, YTO BBINAICT
X0T4 OBl O/IHA IIECTEPKa.

9. HaiiT BEposITHOCTB, UTO MPH OPOCAHUU UTPAIHOM KOCTH BBINAJIET YNCIO0, Oobliee 4.

10. Haiitu BepOSTHOCTb, YTO IPU OpOCAHUM UTPATTLHOW KOCTH BBINAJET YUCIIO, HE MEHbIIEE 2 1
He Gonbliee 5.

3ananue 2. Vcnionws3ys popmysibl MOTHOM BEPOATHOCTH U baiieca, pemmTh cleayronme 3a1aqn:

1. Umerotcs 2 oguHakoBble ypHBL. B iepBoii ypHe HaxoasTes 7 OeblX U 3 YepHbIX 11apoB, BO
BTOpOH — 6 OenbIx 1 4 yepHbIX. Hayran BeIOMparoTcst ypHa U U3 Hee U3BJIEKAETCs OJMH LIap.
Br16pannbIif map okazasncs yepHbsIM. KakoBa BEpOSTHOCTb, YTO ATOT IIap U3 2 ypHBI?

2. leranu, U3rOTOBJISIEMBIE IIEXOM 3aBOJIa, TOMAAAIOT JJIsl IPOBEPKU UX HA CTAHIAPTHOCTH K
OJTHOMY W3 IBYX KOHTPOJIEPOB. BEpOsTHOCTH TOTO, UTO J€TaNb MOMAET K IEPBOMY KOHTPOJIEPY
=0,5, ko BTopomy =0,6. BeposiTHOCTb TOTO, UTO TO/IHAsA A€TaNb OY/ET MpU3HAHA CTAaHAapPTHOM
nepBbIM KoHTposiepoM =0,94, a Bropbim =0,92. ["'oaHast 1eTaib MpH npoBepke Obljia MpU3HaHA
cTaHgapTHOU. HaliTH BEpOATHOCTB TOTO, YTO 3Ty JeTajlb IPOBEPUI IIEPBBIN KOHTPOJIEP.

3. Nmeetcs nBa Habopa aetaneid. BeposTHOCTH TOTo, 4TO JeTalb IepBOro Habopa cTaHAapTHAS
paBHa 0,9, a Broporo — 0,8. HaiiTu BeposSITHOCTh TOTO, UTO B3ATasi HAyAa4y J€Talb —
CTaHJapTHasl.



4. Nmerotes 3 ogquHakoBble ypHBL. B niepBoii ypHe HaxosaTcs 6 CHHUX U 4 YEpHBIX 111apoOB, BO
BTOPOM — TOJILKO CHHHUE U B TPEThEH — TOJBKO YepHble. Hayraa BeIOUparoTcs ypHa U U3 Hee
u3BJIeKaeTcs oH map. KakoBa BEpOsATHOCTD, UTO 3TOT 1IAP CUHUN?

5. Nmerotcs 2 onrHaKkoBble YpHBL. B iepBoil ypHe Haxonaarcs 7 OenbIX U 3 YEpHBIX LIapoB, BO
BTOpOH — 6 GeinbIx U 4 yepHbIX. Hayran BeIOMparoTCs ypHa U U3 Hee U3BJIEKAETCS OJIMH I1ap.
Br1Opannblii map okasasncst yepHsIM. KakoBa BepOsSTHOCTB, YTO 3TOT miap u3 1 ypHbI?

3ananue 3. Vcnonwssys hopmyny bepHyiu, pemuTh Caeayomuye 3a1auu:

1. BepoSTHOCTb TOTO, UTO PacxXoi 3JIEKTPOIHEPTHUH HA MPOJOHKEHUH OJHUX CYTOK HE IPEBBICUT
yCTaHOBJICHHOM HOpMBI paBHa 0,75. HailTu BepoSTHOCTb TOTO, UTO B OJrpKaiiiive 6 CyToK
pacxo/ MEKTPOIHEPTHH B TeUeHUE 4 CYTOK HE MPEBBICUT HOPMBI.

2. HaiiTu BeposSITHOCTH OCYIIECTBIECHUS OT OJTHOTO JI0 TPEX Pa3roBOPOB M0 TeJaedoHy Npu
HaOJIIOJICHUU IIECTH HE3aBUCUMBIX BBI30BOB, €CJIM BEPOSTHOCTH TOTO, UTO Pa3rOBOP COCTOUTCH,
paBHa 0,6.

3. IIpubop COCTOUT U3 MATH DJIEMEHTOB, BKIIFOYCHHBIX B LIEIh MTAPAJUIETHHO M pabOTAIONIINX
HE3aBUCHMO JIPYT OT Jpyra. BeposTHOCTh 0€30TKa3HOM PabOThI KAXKIOTO JIeMEHTa 3a Bpemst T
paBHa 0,5. Jlns 6e3aBapuitHON pabOTHI MPUOOpa TOCTATOYHO, YTOOBI XOTS OBl OJIMH JIEMEHT OBLT
ucnpaseH. KakoBa BeposITHOCTh TOTO, 4TO 32 BpeMsi T npubop Oynet padoTath 6€30TKa3HO?

4. BeposATHOCTb BBIUTPBILIA IO OJTHOMY JoTepeiiHoMy Omitety =0,3. KakoBa BEpOsITHOCTb TOTO,
YTO U3 CEMU IPUOOPETEHHBIX OMJIETOB TpU OMJIETa OKAXKYTCS BHIUTPHILIHBIMU?

5. Marasus nonyunn 40 neranei. BepoATHOCTh HanM4Ks HECTAaHAAPTHOU JAETAIU B IAPTUU
paBHa 0,04. HaiiTu Haubosee BEpOSITHOE YNCIIO HECTAHIAPTHBIX JIeTallel B 3TON MapTUH.

6. BepoaTHOCTb U3rOTOBJIEHUS HA ABTOMAaTUYECKOM CTaHKE CTaHJIapTHOM aetanu paBHa 0,8.
Haiinsg BeposTHOCTH BO3MOXHOT'O YMCIIa TOSBICHNUS OpaKOBaHHBIX JeTayei cpean 5
OTOOpaHHBIX, HAMTH HAaUBEPOSTHEIIEE YUCIIO MOSIBICHUS OpaKOBaHHBIX JeTalel u3 5
0TOOpaHHBIX, YKa3aB €ro BEPOSATHOCTb.

7. CKOJIBKO pa3 HEOOX0IMMO MOJOPOCUTH UTPATIbHYIO KOCTh, YTOOBI HAUBEPOsATHEHIIICE
BbINa/ieHue TPoiiku Obu10 paBHO 107

8. [l JaHHOTO yYacTHHMKA UTPBI BEPOSTHOCTh HAOPOCUTH KOJbII0 Ha Koublek =0,3. KakoBa
BEPOATHOCTH TOT'O, YTO MPH LIECTH OPOCKax 3 KOJblla OKaXyTCs Ha KOJIbIIIKe?

9. Ha camonere umerorcs 4 oAMHAKOBBIX JIBUTaTeNsl. BeposTHOCTh HOpMaIbHOU PadOTHI
Ka)KJ0ro JBUTaTeNs B MOJETe paBHa p. HailTh BEpOSITHOCTB TOTO, UTO B IOJIETE MOTYT
BO3HUKHYTh HETIOJIAJIKU B O/IHOM JIBUTaTelle.

10. BeposiTHOCTB OTKa3a Kaxxaoro npudopa npu ucneitanuu pasHa 0,4. Yto BeposTHEE 0KUIATh:
OTKa3 JIByX MPUOOPOB MPH UCIIBITAHUH YEThIPEX WM OTKa3 TPEX MPHUOOPOB MPH UCTIBITAHUN
HIECTH, €CJIM IPUOOPBI UCTIBITHIBAIOTCS HE3aBUCHUMO JIPYT OT Apyra?

11. BepossTHOCTB TOr0, YTO HA HEKOTOPOM MPEAIPUITHH PACXO/ SJIEKTPOIHEPTUU HE MPEBBICUT
cytouHo¥ HOpMBbI paBHa 0,8. KakoBa BEpOSTHOCTH TOTO, UTO B TEUCHHE ISITH pabounx JHEH U3
CeMH Iepepacxo/ia IEKTPOIHEPrun He OyaeT?



3aganue 4. HaliTu unciaoBble XapaKTEPUCTUKH JUCKPETHBIX CIIy4alHbBIX BEJIUYHH:
1. Haiitu MatemaTrueckoe OxXuJaHue CIIydailHOM BeJIMUMHBI X, 3HAsl 3aKOH €€ pacIpe/iesICHus:
Xj

3

Pi

0,1
0,6
0,3

2. BeposiTHOCTB nonaganus B Lieb Ipu cTpeiaboe u3 opyaus 0,6. Haiitu MmatemaTrueckoe
O’KU/1aHue 0O1Iero yucia rnonajaHuii, eciu Oynaet npousseeHo 10 BEICTpenoB.

3. Haittu nucnepcuio ciaydaiiHON BelnMUuHBL X, KOTOpasi 3a/1aHa CJIEIYIOIIUM 3aKOHOM
pacnpeneneHus:

Xj

Pi
0,3
0,5

0,2

4 .HaiiTh TUCTIEpCHIO CITyYallHOM BEJIMYMHBI X, KOTOPAas 3aJlaHa CIEAYIOIUM 3aKOHOM
pacnpeneneHus:

Xi

2



Pi
0,1
0,6

0,3

5. IlponsBoautcs 10 HE3aBUCUMBIX UCTIBITAHUN, B KAXJOM U3 KOTOPBIX BEPOSATHOCTh
nosiBJieHUs: coObITHs paBHa 0,6. HaliTu auiciepcuio ciiydaifHOW BETUYHHBI X — YKCia
MOSIBJICHUSI COOBITHS B ATHX UCTIBITAHUSIX.

[IpaxTuueckas padora Nell
Tema: MHokeCTBA U ONlePALIMH HA/I HUMH.
Heab: chopMupoBaTh YMEHHUE BBITIOIHATH OMEPAINH ¢ MHOKECTBAMU
Teoperuueckne cBeieHUs K MPAKTU4eCKO# padoTe

MHOX€ECTBO — OJHO U3 OCHOBHBIM ITOHATUN MaTEMAaTUKH.
MHOecTBOM Ha3bIBAETCSI COBOKYITHOCTh HEKOTOPBIX 3JIEMEHTOB, 00bETUHEHHBIX KaKUM-JTN00
OOLIMM NMPU3HAKOM. DJIEMEHTaMU MHOKECTBA MOTYT OBITh YKCIIa, PUTYPBI, IPEAMETHI, TOHSITHS

u T.II.

MHoxecTBa 0003Ha4ar0TCs NPOMUCHBIMU OYKBaMU, a 3JIEMEHTbI MHOKECTBO CTPOYHBIMHU
OykBamMH. DJIEMEHThl MHOKECTB 3aKJIIOUAOTCS B (PUTYpHBIE CKOOKH.

Ecnu sneMeHT X MpUHAIEKUT MHOKECTBY X, TO 3alUCHIBAIOT X € X (€ — MPUHAIJIEKHUT).

Ecnu MHOeCTBO A sBIIsIeTCS 4acThiO MHOXecTBa B, To 3amuceiBator A € B (C —
COJIEPKUTCH).

MHO0XECTBO MOXET OBITh 33/1aHO OJTHAM M3 JABYX CITOCOOOB: MEPEUYHCICHUEM U C TIOMOIIIBIO
ONpPEIETSAIONIETO CBOMCTRA.

J1Ba mHOXecTBa A u B paBHBI (A=B), ecrii OHM COCTOST U3 OJTHUX U TEX KE IJIEMEHTOB.
Hampumep, ecnu A={1,2,3,4}, B={3,1,4,2} To A=B.

O0benuHenueM (cymmoi) MHOXKeCTB A u B Ha3pIiBaeTcst MHOKECTBO A U B, anemMeHTHI
KOTOPOTO MPUHAJICIKAT XOTs OB OTHOMY U3 ITHX MHOXECTB.



Hanpumep, ecmiu A={1,2,4}, B={3,4,5,6}, T0o AU B ={1,2,3,4,5,6}

[lepeceuenunem (mpousseaeHrueM) MHOKECTB A U B Ha3biBaeTcss MHOkeCTBO A (1 B, a5ieMeHTHI
KOTOPOT0 NMPUHAAJIEKAT KaK MHOXKECTBY A, TaK U MHOXeCTBY B.

Hanpumep, ecrm A={1,2,4}, B={3,4,5,2}, T0o AN B = {2,4}

Pa3znocTero MHOKECTB A U B Ha3biBaeTcs MHOKECTBO AB, 3J1EMEHTBI KOTOPOIO ITPUHAIEKAT
MHO’KECBY A, HO HE IIPUHA]JIEKAT MHOXKECTBY B.

Hanpumep, ecrm A={1,2,3,4}, B={3,4,5}, T0o AB = {1,2}

CuMMETpUYHOM pa3HOCTHIO MHOXKECTB A U B Ha3biBaeTcst MHOXkeCTBO A A B, sBistomieecs
obbenuHenueM pazHocreid MHOxecTB AB u BA, To ectb A A B =(AB) U (BA).

Hanpumep, ecmn A={1,2,3,4}, B={3,4,5,6}, 70 AAB = {1,2} U {5,6} = {1,2,5,6}
Ceoticmesa:

CBolicTBa IEpEeCTAaHOBOYHOCTH:

AUB=BUA

ANB=BNA

CoueraTeabHOE CBOMCTBO:

(AUB)UC=AUBUO

ANB)NC=ANMBNCOC)

Kpyru Diinepa (Oiinepa-Bena) — reomerpuueckas cxema, ¢ IOMOIIbIO KOTOPOH MOYKHO
M300pa3uTh OTHOIIEHUS MEX1Y ITOJMHOKECTBAMHU, JJIsl HATJISAHOTO IIPEICTaBJICHNUS.

Ipumep: Cpeay MIKOIBHUKOB LIECTOTO KJlacca MPOBOJUWIOCH aHKETUPOBAHUE T10 JIFOOUMBIM
MyabTGuIbMaM. CaMbIMU HOMYJISIPHBIMU OKA3aJIUCh TPU MyIbTQHIbMa: «benocHexkka 1 ceMb
rHoMOBY, «I'yOka bo6 KBanpartusie IlTans», «Boink u Tenenok». Beero B kitacce 38 uenosexk.
«benocHexxky 1 ceMb THOMOB» BbIOpaiu 21 yueHHK, cpelid KOTOPBIX Tpoe Ha3Baiu emle «Boik u
TeNIeHOKY, mectepo — «I'yoka boo KBampaTtusie IllTansi», a 0uH Hammcan Bce TpH
MyabTGuiIbMa. MynbTdunsm «Bosk 1 TeneHok» Ha3zBanu 13 pedsT, cpen KOTOPhIX IATepo
BbIOpanu cpasy ABa MyiabThuiabma. CKobKo YenoBek BbiOpanu MynbThuiabM «I'yoka boo
KBagparusie lllTanb»?

Pewenue: B 3Toi1 3a1aue 3 MHOXKECTBA, U3 YCIOBUM 3a7a4M BUJIHO, YTO BCE OHU MEPECEKAIOTCS
Mex Iy coboi. [Tomydaem Takoi yeprex:



"BenocHexka "MNy6ka bob
U cemb rHomoe" E KeaapaTHbie WTaHe"

XN

"Bonk u TenéHok"

YuuThiBas ycIoBueE, UTO Cpeau pedsT, KOTOpbIe Ha3BalIl MyJIbThUiIbM «BoJk 1
TEJICHOK» MATEPO BbIOpaU cpasy ABa MyJIbTQHIbMA, MOTyYaeM:

"BenocHexkka "lNy6ka boG
M cemb rHomoe" E KeaapaTtHeie wtaHer"

/i

"BonK U TengHok"
21 -3-6—1=11 — pebsaT BbIOpanu TONbKO «BEIOCHEXKKY U CEMb THOMOBY.

13—-3—-1-2="7—pebsaT CMOTPAT TOJIbKO «BOJK U TEIEHOK».

[Tonyyaem:
"BenocHexka "lyGka bo6
M cems rHamoe" E KeaapaTHele wraHsr"

/3N

"Bonk 1 TenegHok"
38—(11+3+1+6+2+7)=8—uenoBek cMOTpAT TobKO «I'yOka bo0 KBanpatusie llITansi».
Henaem BeiBo, uTO «I'yOKa bo6 KBaaparueie [lITanbn BeiOpanu 8 +2 + 1 + 6 = 17 yenosexk.

Otger. 17 yenoBek BoiOpanu MynbTuibsM «I'yoka boo KBagparusie LlTanby.



ConepkaHue NpaKTHYECKON padoThI

3apanue 1. 1) Haiitu maoxxectea ANB, AUB, A/B, B/A, eciu:

a) A={e, 0, p, x} B={x, y}

0) A={x: -3<x<4} B={x: 0<x<6}

B) A={2"+1}, B={n+1} neN

2) Haiitu muoxxectea ANB, AUB, A/B, B/A, eciu:

a) A={12, 13, 14, 15} B={12, 14, 16}

0) A={x: 0<x<2} B={x: 1<x<4}

B) A={3-(nt1)}, B={n+5} neN

3ananme 2. 1) Ha 1 xypce yuatcs 200 crynenToB, 106 13 HUX 3HAIOT aHTJIMHCKUHN 53bIK, 60 —
HeMelKui, 92 — ¢ppaniy3ckuil. 24 cTyJqeHTa 3HAIOT aHIJIMUCKUM U HEMELKUH S3bIKU, 36 —
aHTnuicKkui U Qppannysckuii, 30 — HeMelkuii U ¢ppaniy3ckuii, 14 — Bce Tpu si3bika. OcTajabHbIe
3HAIOT TOJIBKO OJMH MCHAHCKUM sA3bIK. CKOJNBKO CTY/IEHTOB 3HAIOT:

a) TOJBKO OJMH SI3bIK?

0) UCTTAaHCKUI S3BIK?

B) TOJIbKO HEMELKUH S3BIK?

I') 3HAIOT aHIVIMHCKUI M HEMELIKH, HO He 3HaI0T (paHIy3CKHiA?

2) Ha 1 kypce yuatcs 200 ctynentoB, 106 U3 HUX 3HAIOT aHTIIMHCKUHN S3BIK, 60 — HeMenkHid, 92
— (panIy3ckuil. 24 cTyaeHTa 3HAIOT aHTJIMHCKUI 1 HEMEIIKUN SI3bIKH, 36 — aHTTTUHCKHN 1
¢paniy3ckuii, 30 — Hemenkuit u ppaniy3ckuil, 14 — Bce TpH a3bka. OcTanbHbIE 3HAIOT TOJIBKO
OJIMH UCHaHCKUH s13bIK. CKOJBKO CTY/I€HTOB 3HAIOT:

a) POBHO JIBa sA3bIKa?

0) TOIBKO (hpaHIly3CKUil SA3BIK?

B) 3HAIOT HEMELKHUH U (paHIy3CKUH, HO HE 3HAIOT aHTJIMHCKUI?

T') HE 3HAIOT UCMAHCKUHN S3bIK?
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